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FOREWORD

T,• This report was prepared by Battelle Memorial Institute, Columbus,.
" Ohio, on Contract No. AF 33(036)-8682. Research at Battelle Memorial

-4 Institute vwas initiated as a project of the Materials Laborato_.ry, Research
Division, Wright-Patterson Air Force Base, with Mr. Lb D. Richardson

"I as Project Engineer. .

5 This report is the Third Annual Report covering the period 21 February

S195:, to 21 February 1953. Research conducted during previous periodsjappears in Air Force Technical Reports No. 6512 and No. 52-67. ,

The authors wish to thank M. C. Brockway for his aid in. the mathe-
matical treatment of the data and F. J. Buffington for his help in designing
and carrying out the experiments.
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ABSTRAC I

The factors lrzfluencing the fracture of brittle ceramic mnaterials were

Tstudied- the effects of size. and. stress 5tate were given primary considera--.
-tion.. in addition )in~itialc ons ideration was given to "..e effects of strain rate

and temperature-.

4The strength of plaster of Paris was feund to decrease with an increa~se
Tof size 'in the simple stress st,3tea of tension, compression, bending., and tor-

j sion. Initial ana'lyses indicated that Weibull's statistical theory' of strength
_J~ could be ueed to pred!I_'t the ob~eerved effects of size and stress- state 'on the

I .. *strength of plaster'.

z4 The effects of combined stresses on the fracture strength were studied

J -- by ineans~of tests conducted on cylinders of plaster .sibjected to internal
4 pifcssure and axial loacding. Initial alllclyses of data from these combin~ed-J . stress tests indicated that fracture data could be analyzed using the elastic

thtory of thick-walled cylinder:..

The effect of superposed bending stresses on tension-test data was
analyyed using Weibull's theory. This analysis indicated that superposed
bendi-ag stresses should increase the observed tensile strength of a brittle

j ratexil., T,:s.ion data on plaster agreed qualitatively with this prediction.

i~ $1 Analysis of the standard comnpression test indicated that fracture data
from this type of test were unreliable and that the standard compression test
could not be used in a res'earch program where precise quantitative fracture
data were required.

* Exploratory studies were made of the effect of varyin~g the strain rate
4 or the stress rate an the fracture of plaster of Paris. These studies indi-

cated. a decrease of fracture stress with increased rates of loading, an effect
opposite~to that reported in the literature for other brittle materials. The

~.relation between the effects of rate of loading and stresw duration (static
f:ttigue) was considered.
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A'! 4 INTRODUCTION

offers the solution to many of the problems of the aircreft designer. How-
Y ev~ri-thetechnical and economic benefits indicated often cannot be realized

becusetheceramic materials are brittle.. Corrective measures are frus.-

trtdb h absence of any a~zcep~ed theory of brittle fracture, or even

working equations for designing parts of brittle, materials.

The ultimate aim of this investigation is to furnish a clear under stand-

tative definitions of the resistance to fracture intern's of external variables.

rAmong the fracture phenonmena to be considered are the following:
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i. The effect of stress state on fracture strength

2. The effect of size on fracture strength

3. The effect of the rate of stressing on fracture strength

4. The effect of temperature on fracture strength

The knowledge of the mechanical behavior of ceramics is not sulfi-
ciently advanced to permit considering this list as complete. As the re-

search progresses, the effects of other fracture variables probably will
require consideration.

Classically,. there are two approachet: to the problem of the stetngth j
of haterials.' The older, the phenomenol6gical approach, attemnpts to
describe the reaction of a solid to its external environment. All of the
phenorn,.ological theories a-- ume hornogetieity and isotropy of the material, "
and the criteria which these theories set up are based on rel-.tions of stress'
"and strain evolved from the classical theory. of elasticity. All of these phe-

S.n nmen oIogical theories take into consideration only one viariable, stress

"state. In general, these theor"es place no restrictions on the nature of the
materiaT to which they arc to be applied. As a result, no single phenome-
nological theory has been found to be applicable to all materials or to all
conditions of. failure,

The second approach to the problem of the strengt' of materials is

mechanistic in nature. Here, strength properties are analyzed from the
point of view of what makes the material fail. These theories are concerned
with the fact that materials may fracture at stresses 100 to 1000 tines less

than their theoretical fracture strength. As a result, all of these tlzories
asa-ume, tacitly or otherwise!, the presence in a material of "flaws" of such

*a nature as to canse this reduction in strength. Although the mechanistic
'theories postulate a mechanism of fracture, -they still require an assumption
of a criterion for fracture, as de the phenomenological theories. Fracture.
still is considered to occur at some conditio;., of stres-s or strain; neverthe-
less;, the mechanistic theories have the advantage ',f providing a qualitative
picture of fracture phenomena.. "

In this investigation, the approach to the problem of the strength of
ceramics has been to anaiy e fracture data in the light of all existing '.heo-

U• ries, phenomenological and mechanistic. It is POSsible, however, that no

existing theory can be found which satisfactorily predicts the strength of a
ceramic body under varying conditions. Then a new and unified theory of
strength would be in order; however, the development of such a broad theory,
if it were'to be worth while, probably would require exhajstive effort. As
an alternative, empirical expressions might be developed which would fur-
nish design data for particular materials under specific conditions. In any

event, when all these factors have been considered, an effort will be made
to establish a method by which aircraft designers can determine reliably
the design strength of ceramic components under operating conditions.
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"In this investigaticrn, the approach has been to study the fracture prop-
erties of ceramics as a class of materials; that is, to study the phenomena of
brittle fracture. Ilo atte mpt has been made. to study the fracture properties L
of any one ceramic material with the view of obtaining practical design data.
Far too little is known at this time about the effects of external variables on
the brittle frncture of ceramics to warrant such a study.

Of primary concern in selecting materials for this investigation have

been the factors:

1. Reproducibility from body to body

.; 2*. Homogeneity and isotropy

3. Ease of fabrication

4. Lack of plastic flow prior to fracture

r"i The objecti[es. of this inveztigation require maximul.i control of all possible
variable.s at all times. Although control is of paramount interest in the

T-" selection of materiols, potenti e utility in aircraft is also of int,.rest. How-
ever such utility becomne' secondary in this fundam.ental study to the prob-
jt'ns of determining the effects of external variables on fracture.

SDuring the period covered by this. report, the approach has been to
determine the individual effects of certain external variables on the fractureSstrcngth of piaster of Pa-ris, and to determine how each observed effect
correlates with existing theory. Plaster was used in accordance with the
above discussion, as an xperiniental material from which to gain insight
into the. fraczture phenomena of brittle ceramics. Also, the use of plaster .in
•he early stages of cach experimental phase will result in -an appreciable

saving of time and money.

By its very nature. this problem is a very complex one; yet, the solu-
tion will provide the key io the utilization of ceramic materials in modern
aircraft. The margin of error betweren tbe operating s.trength of a ceramic
bodyr and its predicted design strength must be reduced if ceram~cs are to be-
considered safe for practical application in aircraft.

"Research on this problem was initiated at Battelle M.z..orial Institute
"in October, 19-18., on a subcontract under Contract.No. W 33-038 ac 14105

Fi . between the Air Force and the RAND Corporation. The research was as-

L sumed by B.ttelle under direct Air Force sponsorship during November, i949.

I The research conducted for the RAND Corporation is covered in RAND.
Report R-209, "Mechanical Properties of Ceramic Bodies", dated 31 August
1950. The bulk of this research was with porous and nonporous specimens of.
of a silicate porcelain. A correlation was obtained between elastic proper- I
ties from room-temperature compression, torsion, and bend tests. The

!i 0i
V r

-1ý1ý_, lr"7'r, _y- -
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effect of porosity upon elastic-moduli data was studied. Observed fracture

phenomena could be explained qualitatively to some extent on the hasis of a

A flaw-type- mcchanism of fracture.

Research for the first year of direct Air Force sponsorship, from

18 November 1949 to 18 November 1950 is covered by AF Technical Report

No. 6512, April 1951. This work was limited to KI51A, a nickel-bonded
ti*aniurr., carbide product of KennametalI ncorporated. Although this mate-
rial exhi.bitcd slight plastic flow 'n c6mpression, bending,'.-and torsion at

room temperature, the mode of fracture was that normally found in brittle

ceramics. Howeveri research revealed the reproducibility and the horn,o-

geneity of K151A to be so poor that any attempt at quantitative correlation of
* . fracture data was futile. Nevertheless, the data of this period, as in the

previous period, indicated that a flaw-ty.pe i..echanism offeed the most

likely basis for developing correlations.

Research for the s-econd year of direct Air Force sponsorship from

18 November 1950 to 22 March 1952 is covered in WADC Technical Report

-67, dated 22 March 1952. During this period, particular 4ttention
4 was given to the effect of size on fracture strength, using bend tests on plas- ...

ter of Paris. Such work was considered essential to evaluating and develop-

- ing .theories from a --aw-type mechanism of fracture. As an important
concurrent effort, a critical survey was undertaken of the :principal phenome-

-m-Aogical and mechanistic theories of strength. I
The presenc report covers. the research conducted during the third

Syear of direct A'ir Force sponsorship from 21 February 1952 to 21 February
1 l,53. During this period, research was conducted on the effects of size$
stress state, strain rate, and temperature on fracture phenomena, utilizingStresspenmna uiizn

data obtained principally from tests conducte-d on plaster of Paris.1 -

if.SUMMA RY

The results of the research of this.period have indicated that certain J
statistical theories of strength. particularly Weibull's theory, may be used

to correlate fracture data froi brittle ceramic materials. If these indica-
tions are valid, then it may now be possible to design, withconfidence,
ceramic parts for aircraft. A most important consequence of the year's

work is the conclusion that ceramic materials should not be selected for
design on the basis of the highest r.nean fracture strength. A' more realistic
and rafe criterion for selection is a "safe" strength, a strength below which

there is no chance that ceramic parts will fail.

The results of this period have not confirmed the validity of Weibull's
theory or of any other statistical theory, but the results of the research have

Q shown conclusively the importance of the statistical analysis of test data.

7
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2The results of the, re-search into the effect of stress state on fractn ire

have shown that euch. an effcct exists in ceramic materials. In essence,
rx"is'i-reans that the ceramic engineer must use care In designing with test

data. Strengths determined from the bendtest cannot be used to design. a
•ceramic part to he loaded n tension, and vice versa, uiless the relation is

crin adton thi reslaed rch tensiondiae;htteszeo tutr

i known between ,.he tansi-,A and bend strengths for the ceramic in question.

"tFor example, ifnthe material wa a typical ceramic, similar to plaster, the
.•mean strength in tension is about 3/4 of that in bending and 0. 83 of that in

otorsion.

A.i struc~ture, the lower must be its desig-a strength. This research indicates

[ , that thle testing of ceramic models to determine the desi.gn strength of ca-
'l" .•:._ramie p~rototypes mnay not be reliable where there are large variations

S-•• "between the. siz fth odel and the prototype unless the quantitative effects
Sii [of size are known.

The research of this period has also produced indications that the rate
at which a load is applied to a ceramic structure may affect the magni(..ude
of the load it can withstand befor,2 fracture. This means- that the ceramic
designer must consider the effects of shock, 4thermal and mechanical, and
of dynamic loading.

It is felt that a new era in the design of ceramic structures has been
entered during the past year, an era in which the ceramic engineer no longer
will follow the classical theories, of strength so useful in metal design, but

* will be guided by design criteria 'applicable to brittle materials.

EXPERIMENTAL MATERIALS

The selection of materials suitable for investigation has been one of
the more difficult problems of this research. As pointed out earlier, re-
producibility from- specimen to specimen Is essential to proper control of

i V the tests. Specimens must be relatively free of macroscopic flaws, such as
.. cracks, voids, or inclusions, for these have been found to render fracture

data so unreliable as to be of little value. Also, the material must be rep-
, resentative of cerarnic materials. The ease of fabrication and ,ae cost of a

"materialare also of importance, since the research, of necessity, demriands
the testing of large numbers of specimnens of widely varying design.

IfJ

-711
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An ideal material has not been J-Uund; however, a number of materals

cin be utilized successfully to carry out various phases of the research.

During this year. the grcater portion.of the reqearch was cnndiiirtsA 'n

plaster of Paris. Additional experiments have been conducted on specimens

of porcelain and on specimens of nickel-bonded titanium carbide.

Plastertn m -

A..

ThnPlaster specimens tested during thip w period were faaricatz from
aydrostone phaster, apidurt of the United States Gypsum Company. Hydro-

stone specimens were prepared by adding 15w 0 grams of the powder to 550 F t

grams of distilled water. The resulting slurry was placed in an evacuating
system and mixed for five minutes at a pre~ssure of Ilinch of mercury abso- |.

41 lute. Mixing in a vacuum helped to insure a uniform"f air-free mixture.

Then the slurry was poured into polished- Lucite molds,. and the plaster was

.7 allowed to harden. After the plaster had set (about 30mriinutes), the speci- |

mens-were removed from the mold and were pla ced in a dryer at 110 F until I

• " ~the 14th day affer casti.ng. All Hlydrostone plaster- specimens were tested

on the 14th day after casting.

Plaster has proved to be a very useful material in this research, as j
plaster specimens are inexpensive, and easily fabricated. Although the prop-
erties of plaster are sensitive t,. changes in conditions of preparation and
curing, specimens with uniform properties can be produced if proper control ,
is exercised.

A chemical anal) sis of plaster taken from specimens used in this in- I
vestigation showed the following approximate composition:

Constituent Per Cent of Cornposition

COSO 4  
50.7

SiO? 0.5

A1 2 0 3  0.2

t CaO 28.5

¼M~gO 0.5

HI 19.5
MnO, SrO, Ye, Cu Trace

Specimens of this composition have been used in this investigation to

study the effects of size and stress state on fracture phenomena. Specimens
of plaster cannot be used to study the effects of temperature on brittle frac-
turc, since the properties of plaster, as a hydrated material, are affected

"adversely by temperature.

71
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Porcelain

A hgh-alurnina porcelain, t spark plug porcelain manufactured by the

Champion Spark Plug Company of Detroit, MiXhigatr, also was used, to study

the effects of size and stress state on fracture phenomena. This porcelain

is a very carefully controlled ceramic product, and initial tests of specimens
fabricated from this material have indicated a high degree of homogeneity
and uniformity. All the porcelain. specimenu used in this investigation were

fabricated by the manufacturer, who exercised the utmost care in fabrication.

These specimens are prepared from powders which are ground and
spray dried. Then the dry powders are poured into rubber molds and cold
pre.sed into blanks. The resulting blanks are ground to shape and then fired
in a hanging positi.-.n at a temperature of about 3000 F. The specimens
shrink to their final form in the firing process. The specimens used in this
investigation were -not ground after firing, but were tested as fired.

I Nickel-Bonded. Titanium Carbide

During this period, a few tests were conducted on torsion specimens
of a nickel-bonded titanium carbide body to study the effect of temperature

* on fracture strength. This material is a product of Kennametal, Incorpo-
rated, and is known as KI51A. KI51A has a nickel content of 20 per cent
and a specific gravity of 5.8. The specimens used during this period were
fabricated by Kennamtal, and had been finish ground.

I• This material, which was used in the earlier stages of this investiga-
tion, has been discussed in detail in AF Technical Report No. 6512 and
WADC Technical Report No. 52-07. K151A ii. of immediate practical value
to the aircraft designer, because it pos-seses the physical and mechanical
properties which are desirable for high-temperature engine parts. However,
during previous states of this investigation, it was found that K151A has two

A:" undesirable characteridtiCs which reduce its value for the investigation of
fracture phenomena. It exhibits significant plastic flow prior to fracture,
even at room temperature, so that it is not an ideally brittle material, and
it has been found to contain objectionable defects or flaws, which have tended

7 !to invalidate the fracture data. . In addition, specimens of this -material are
i, quite expensive; therefore, until such time as the undesirable qualities of

this material are corrected, K5I1A is not considered a profitable material
for use in this investigation.i

' . T 09
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THE E7FECT OF EIZE ON MECHANICAL PROPERTIES

For many years, the failure of materials has been studied from the

point of view of the classical theory of elasticity. The resulting theories

for the failure of materials were all based on the assumption that materials

are perfectly homogeneous; i. e., that the intrinsic properties of an elemen-

tal volume of a body are identical to the properties of every other element

in the body. This assumption leads to the conclusion that the gross proper- "*

ties of a body are the same as those of its elerments, regardless of the size

of the body. As a result, these classical theories of failure predict that the
strength of a bc~dy is that of its elements and, hence, that all bodies of a.
material should have the same strength. This -prediction of uniqueness of

strength is not supported by experimental data.' Not only do experiments

conducted on nominally identical specimens reveal a variation in fracture

- strength, but tests conducted on specimens of different sizes reveal a varia-

tion of fracture stý:ength. This apparent effect of size on fracture strength
has been observed in a. large number of tests on speci.mens of brittle mate-

rials such as-giass(l, g 3) lazter of Paris(4, 5), rock salt( 6 ), crystalline

minerals', 7), cast iron(8, 10), porcelain(ln0, and steel at. low tempera-
Wures(12.

The phenomenological theories mentioned earlier belong to the classi-

cal group of theories that predict a unique fracture strength of a material.

As a result, these phenomenological theories fail to predict the effect of -

size on fracture strength observed in brittle materials. ,

The mechanistic theories which are based on the flaw concept of frac-

fure do predict that the strength of a body may vary with its physical size.

The statistical theories of strength,, in particular, predict an effect of size

on the fracture strength of a materi-.l. The fundamental hypothesis of these

theories is that materials are weakened by the presence of very small "flaws"

or loialized stress concentrations in their structure. According to this. con-

cept, there will be a certaii probability that fracture will take place in a

stressed unit of material containIng these flaws. This probanility is expected

to be a function of the average level of the stress in the unit and of the physi-

cal size of the unit. Consequently, this concept has led to the prediction

that the observed fracture stress of a material should decrease with size,

and that the standard deviation of the strength of a number of specimens i
should decrev.se with an increase. in size. Since the strengths of certain

-ceramic materials have been observed to vary with size, it would be profit.-
Sable to initiate the st-dy of the fracture of such materials by a study of size

effects. Such an effort was undertake:n during the period of this report.

Although determining the nature of the effect of size on strength should

be the ultimate goal of any size-effect study, the first requirement is to

*References are listed at the end of the report.

I
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establish the existence ol a size effect. Therefore, a program was set up
,dArr., In torvaioo.• during this period to determine the existence of a size effect in the various

stress sLate. -- Lnsl on, n~JA&jpre 0Ao•, . .

Briefly, it was propo'-ed that elastic and fracture data be obtained
from tests on different sizes of geometrically similar specimens, and that
these data be cO nrpared. If che fracture strengths cf the various sizes
showed no significant scatter or trend, it could be concluded that there was

-. no significant effec': of size on fracture strength at that particular tempera-
ture and strain rate. Conversely, if analyses of the fracture data showed a
significant variation in behavior with size, the existence of an effect of size

* 'on fracture strength could be postulated.

A Once the existence of an effect of size on strength was established, a
study of the nature of this effect could be undertaken and an attempt made to
analyze the data by means of existing theory.

".Size-.Effect Experiments on Plaster

Hydrostone plaster was chosen as a material on which to study the
~ . effect of size on strength. Tersion, torsion, bending, and corpression

"specimens were designed for carrying out the size-effect program. Two
sizes, . large and a small, of each specimen were designed, and these
sizes were geometrically similar in all cases except one. (The two tension
specimens were not similar in their end regions, but were sirmilar in their
gage sections; Figure 4.) The large torsion, bending, and compression spec-

S imens were 5 times the size (125 times the volume) of the small .pecirens.
The large tension specimen W'as 4 times the size (64. times the volume) of
the small tension specimen. A series of tents was conducted on each size
* of these specimens, and the resulting data werze compiled and analyzed. The
experiments on plaster were so designcd that, if they proved successful, the
tecbniques and analyses developed could be used to extend the size-effect
program to other cerarr c materials.

• ' -Compi ession Tents

•* 'Compression tests were run to fracture, but. no quantitative analysis

of apparent fracture strengths was attempted owing to the invalidating effectof end restraints upon data on fracture in compression. (See section of re-

Sport entitled"Ef.ect of Friction on Compression Strength".) Elastic data in
Scompression were compared, however, for the purpose of estabJIshIfvg the
"relation between the moduli of elasticity in tension and in compression.

SSpecimens. The sizes of compression specimens used in this size-
effect program are shov-n in Figure. 1. A ratio of length to diameter of

i~i '}7
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L

r S ize c r j j L

1 0.500 1.125

5 2.500. 5.625

Dimenalons In Inches

FIGURE 1. SIZE-EFFECT COMPRESSION SPECI~iENS

A- 4699
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2. 25 was cho-,en in order to insure more uniform stress dist, ioution in the
ge•13 s,--:,.(•3, 14.) FigZ-e , it a photograph of the Hydrostone plaster

specimens of the largest, No. 5, and the smallest, No. I, sizes upon which
compression tests were conducted. The:volume of the No. 5 specimen is

com eo c specimed . InThe caum of
.125 times that of the. No.- l" pecimen. In the casting and curing of these

Sspecimens,. the standard technique for casting nand curing Hydrostone plaster
was employed (see AF Technical Report No. 52-67).

'Th- methods used in testing these specime.ns are described in a later
section of this report. In addition, the procedure used in calculating the
various data from the size-effect compression tests is discussed in detail in

3 AAppendix I. ft should be pointed out here that all otrain data were calculated
taking into conside-ration- the effect of the transverse sensitivity of the strain

"V [igages.'(
6 )

Results. The data obtained from the size-effect tests on Hydrostone
compression specimens are given in Table I. The stress reported in Table I

A as the "comrpression strength" is the axial streas at fracture obtained by
dividingthe load at fracture by the cross-sectional area. .This was not ,re-
ported as a fracture stress, because it Was not the stress in the region

3;. where fracture initiated. The significance of this interpretation is discussed

in detail in another section of this report.

2 i The data in Table 1 indicate that small ,pecimens of Hydrostore have
higher compression strengths than large specimens and that, for the size
variation studied, this difference in strength was of the order of 8 pe- cent.
It is important to note that these data indicate an increase in strength with
a decrease in. size. This is precisely the effect predicted by the mechanistic
theories of strength.

The compression size-effect specimens of flydrostone failed with the

typical "cone type" fracture observed in other brittle macerials. In most
cases, this "conje of fracture" was observed only at the top end of the speci-
men. The apparent reason for the consistent appearance of the cone at the
top of the specimen was that the top surface was rougher than the bottom sur-
face. The resultant effect upon the compression test was the creation of a

ii [higher frictional resistance to lateral expansion at the top than at the bottom
of the specimen.

At this point, the question of whether or not the reported compression
strength cculd have any value in the investigation of fracture phenomena
arose. The compression test was studied in an attempt to appraise its value

in a study of size effects. As a result of this evaluation, it was decided to

forego any attempt to analyze fracture data from the conventionai compres-

sion tert. The reason and significance of this decision have been discussed

in detail in a later section entitled "The Effect of Friction on Compression

...... S - - .. . .',' . - - - - . . ... ' 1
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Strength". It mnay suffice here to say that the rerults (,f compression tests
A indicated an effect of rize on the ncrn'll cornpc~s i n st endih ufiydro-
4 stone plaster.

Tr om th e elastic data In Table L, it would appear that, in compression,
small specime ns of 1.lydro stone ha~ve a higher modulus of elasticity than

lre SpeciMeng of Hdotn.The data also indicate avraino

Poissonts ratio between the two sizes of about. 1..5 per cen-t, or less. than
the probable error in the mean value of Poisson's ratio for both sizes.
Hence, it would appear. that the two sizes exhibited essentially the same
Poisson's ratio in compression.

Typical, stress-strain curves for No. 1.-size and No. S.-size speci~mens,
are shown in Figure 3. The; variations in mouu n rcuesrength
wvith size are immnediately apparent from a compa.rison of these curve~s.It-
is of interest that the streus-7_tr~ain curve's of the large and small spe~cimens..
were not linear all the way to fracture.. This was observed in varying de-
grees for these compression specimens.V:

These data raise the important question of whether different sizes of
-terarnic bodies exhibit different moduli. The mechanistic thi-ories of frac-.
ture do predict a variation in frvacture strength similar to that observed
hcre, but they anticipate no decre'ase in elastic modulus with size. Never- -

theless, these data indicate a 5 per cent variation in Young'r, modulus with a

fivefold increase in size.

In anticipation of a variation of modulus with size, the, fir st three .
ba~tches of comnpres'sion specimens were not fractured. Inst'ead, they were

returned to the curing oven and allowed to continue curing. These speci-
mens were remnoved periodically, testcd, and returned to curing. When

Athese aging tests were initiated,. it was felt that the observed variation of.
modulub. with size might result from a transient curing phenom enon. How

ever, th iaa n Table. Z tend to refute this explanaton*idca~gtht 1
eve'n after 127 days of curing,-, there is no. significa:.nt change in the elastic
properties of either large- or small compression specimens. Hence, i

apers tha~t the variation irti elastic properties with size observe-d inth
compress -ion size-effect tests did not result from a transient curing

T heoenons wee.nlu das to determine whether the tp f odn

had wn fereth prprte of. Hydrostone in comnpression. Comn-

Dressiun specimens of both sizes were loaded through three cycles of con-
tinuous loading and three cycles of incremental loading. The results of

*these tests W cre as shown on page 17. I
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Type of Modulus of El.isticity, 106 psi

n a- r- n~o m.nA- n (Avrage of Three Terts)
A 3-H500-5 Continuous " 2.23

Incremental .. ZZ

3-H50C-9 Continuous 2. 57
Incremental Z. 61

These data indicate no significant difference in elastic properties with
fi•" the two types of loading; howeve.r, incremental loading produced somewhat

more erratic data than continuous loading.

In addition to the curing tests described above, the plaster from a
large compression specimen was subjected te chemical analysis. The
retults ofthis analysis were compared with the resu'ta of a similar analysis
on a small compression specimen. The moduli of these specimens were as
follows:

Modulus of Elasticity, 106 psi
"Specimen No. (Averqke if Two Tests)

8-H110C-2Z 2.40
(Small)

* 8-H150-15 .. Z5
,: (Large)

1 The chemical analysis of the plaster from these specimens gave:

Specimen Composition,. per cent
I No. CaSO4 SiOz A1 2 0 3  GaO MgO Hz-O MnO, SrO, Fe, Cu

8-HlOC-22 50.7 0.5 0.2 28.5 0.5 19. 5 0.03-0.25-
l i(Small)

18-H50C-15 47.9 0.5 0.2 31. 1 0.5 19.7 0.03-0.25
~ I - (Large)I The results of these analyses indicate that there was little difference be-

tween the plasters-of the large and the sm-Al specimens. The only difference
occur'red in the amount of CaO present in each. Whether this small differ-
ence (2.6 per cer") in CaO can account for the observed variation in modulus
of elasticity is unknown at this time.

There appear to be two possible explanations for the observed variation
' of compression modulus with size in Hydrobtone plaster. One explanation is

that the variation results from a difference in the materials themselves. It

is possible, owing to variations in the thermal and zuring histories of the

'i j*
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two sizes, that the plaster in the small specimen was not the same aa the

P 1. M, M f.I, and thatt...n dif re c di-4 nci.* *ft ... 11.-.fl

"age. The other possible explanation is that this variation in modulus with
size was a true size effect. It is interesting that Relnkober(17) found that
both the modulus of elasticity and the modulus of rigidity of silica fibers
depended on the fiber thickness.

It is important to note that here the variition in moduli between batches
of the same size was of the order of 5 p-.r cent in some cases, and that the
variation of the mean values (4. 7 per cent) of the two sizes was not much

4 greater than the probable error in the means. When these observations were
combined with the analysis of the elastic data from other streus states, it
was felt.that this variation in modulus with size was so.mewhat anomalous. t

As for the -existence of a size effect in plaster in compression, the
tests so far conducted on pla-ster indicate that the strengths of compression.

2 !pecimens are affected by their size.

Tension Tests

Elastic and fracture data were cbtainea from the tension, size-effect
tests. Elastic data were used to establish control of the tests and in the
correlation of fracture data. Fracture data were recorded in an eafort, first,
to determine whether an effect of size on strength existed, and, second, to
study the quantitative effects of size and stress state on fracture data.

Specimens. Considerable difficulty has been encountered in tensiontests of cerarnic material's. One of the major sources of (,iffiCulty has been

the maintenance of axiality of loading during the test. With the specimens
used previously in this investigation (see AF Technical Report No. 651Z,
Figure 1); the specimens tended to change alignment during the test, intro-
ducing extraneous bending stresses. An alternate tension specimen employ-
ing "cast-in" pins or bushings was developed during this period in an effort,
to eliminate this difficulty. With pins or bushings accurately located on the
center line and with a Universal-type loading, the alignment should not cl. Angc
during the test.

The two sizes of this alternate tensile specimen used in the size-effect
study are shown in Figure 4. Some success was obtained with these speci-

4 mens in maintaining alignment. However, some difficulty aros-e in maintain-
ing accurate location of the bushings in the casting.

It should be noted that these two size-effect tension specimens were
not geometrically similar in the region of the pin. Initial tets with speci-
mens exactly 4 times the size of the No. I specimen- produced an undesirable
number of fractures across the head section. As a result, this portion of

7 -1!
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the No. 4 specimen was widened-to reduce the grosis stress at the pin. At

the same time, geormetric similarity of the two specirrens in the region of

the gage secti3n waf maintained to retain similarity of stress distribution.

Tests conducted on the r'de-signed No. 4 specimen produced acceptable frac-

ture data. Figure 5 is a photograph of these tw- size-effect tension speci--

mens of L'ydrostone plaster.

The methods used in testing the size-effect tension specimens are

described in detail in a later section of this report.

The procedure used in the calculation of the data from the size-cffect

tension tests is given in detail in Appendix I.

Results. The elastic "nd fracure data obtained from the tests on the
No. I-size tension specimen are given in Table 3. The elastic and fracture
datii obtained from the No. 4-size tension specim-n are given in Table 4-
The values of modulus of elasticity reported in Tables 3 and 4 are, with a
few exceptions, the averages of four or more elastic determinations. The
value of strength reported is the average axial stress in the specimen at

fracture; that is, the load at fracture divided by the cross-sectional area.

It is particularly important to note that a certain eccentricity was observed
in certain of these tests. This eccentricity appeared to vary from specimen
to specimen and, as a result, the strength reported was not the actual

maximum stress in the specimen. Consequently, the mean strengths of
these specimens were affected by the eccentricity. Analysis of the effect of
eccentricity on the strength data obtained trom the tensile test indicated
that the strength of a specimen (the maximum stress in the specimen at
fracture) should increase with increasing eccentricity. (For a more de-

tailed discussion of this subject, see. the section entitled "Effect of Super-
posed B,-nding StreSbeS on Tension-Test Data". ) As a result, it was felt

that the mean strength values were somewhat higher than they would have
been had no eccentricity been present.

The data in Tables 3 and 4 indicate that the modulus of elasticity on

Hydrostone plaster in tension, within the limits of accuracy of these tests,
does not vary with size. It is interesting to note that the texisting variation
of modulus was opposite to that observed in the size-effect compr.ssion
teste; that is, here the larger specimen appeareu to have the higher modulus.
"This served to substantiate the hypothesis that the variation observed in the
results of the size-effect compression tests was due to experimental causes.

Typical stress-strain curves for the No. 1 and No. 4 tension specimens

are given in Figure 6. it can be seen from Figure 6 that little nonlinearity
is present in these etress-strain curves. The effect of size on the fracture

strength of plaster in tension is also evident in Figure 6.

It is in'nortant to point out that the mounting of SR-4 strain gages on

the gg ge section surfaces of the No. 1 tension specimens appears to have

strengthened these specimens. This may have caused the mean strengzh in

:_o
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Table 3 to be fictitiously high. A compar-ison of the fracture strengths from

gage-free specimens wizh itr.ý -th fromn specimens with gages led '.o the

following:

,Cndition Numrsber of Speci;riens Tensile Strength,, -psi

"With gages 21 1280

Without gages 25 1195

This comparisor suggested comparing the mean strength reported in Table 3,
1245 psi, with the mean strength i-i Table 4, 875 psi. The latter value was

S-obtained from specimens almost all of which were free of gages, while the
former valuewas obtained from specimens of both types. As a result, the
following mean strtngths were rtported for the No. 1- and No. 4- size speci-
vnens without gages:

Mean Str!ngth, •Standard Number of
* SpeCimen psi Deviation Specimens

No. 1 1195 * 60 175 25

No. 4 915* 55 135 19

*-It should be noted in the case of those No. I tension specimens with gages
that fracture was observed to take place both through and outside the gage.

Additional tests were made to deterrmine whether the type of loading
.had -,y effect upon elastic data obtained from the teneion tests. Several
No. 1-size specimens were tested under both incremenital and continuous
loading and the data compared. Each tensile specimen was subjected to three
incremental loading. and to three continuous loadings. The results of these

* tests are given below:

Modulus of Elasticity,

F Specimen No. Type of Loading 106 psi

HIOT- 31 Continuous 2.30
Incremental 2.35

H!OT - 32 Continuous Z.25
Incremental Z.23

These data indicate tOhat the type of loading had little effect upon elastic prop-
erties obtained from the small tension epecimen. It was noted, however,

11 that data taken from incrementally loaded specimens tended to be more
erratic than data from c',)tinuously loaded specimens.

It should be pointed out that specimens H40T- 7, H40TT- 13, and
1-H40T 16 (see Table 4) were specimens of th. c!d design (exactly 4 times
the size of the No. i specimnen) and. hence, not of the same design as the
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remaining specimens in Table 4. The mean strength reported in T I e 4
includes these specimens, if the strengths of these specimens a.e excluded,
a mean strength of 880H i 0 psi and a standard deviation of 155 pi a!e ob-
tained. Thes& fracture -a:a and- the data in Tables 3 and 4 do indicate, how- r
ever, that the fracture f,*rength of Hydrostore plaster in tension dec=reases
about 30 per cent with a f:urfold increage in size. The data in Tabhe 3 and
Table 4 would seem to in_:cate that the standard deviation of the strength - i
might increase with size, however, no such •onclusion should be dratwn yet, )
since the individual deviiaions were determined from unequal numbers of
specimens. It is noteworthy, though, that the observed effect of siz=e on f :
strength agreed qualitatively with the effect predicted by the mecharrstic -i
theories.

In all of these tests, the fracture of these specimens appeared typically
brittle, that is, normal to the maxiniuum tensile stress. It is important to
add that, in r.any irstances, fracture appeared to initiate at the s urfa.ce of ff1
the specimen. The actual relative. influence of the surface or possibt.e sUr-
face "flaws",, although certainly important, was not considered at thU, stage r

of the investiga-tion-%

Bend 'rests

As a part of the program to determine the effect of size upon fracture I,
phenomena, bend tests were conducted on plaster bend specimens of two
different sizes. The frac:-ire data from these tests wvre recrr!ded ;n an I
effort, first, to determine whether an effect of size existed on strength, and,
second, to study the quant.itative effects of size and stress state. Elastic
and fracture data were obt.ained from these tests. The elastic data-iere .
used to establish control of the tests and for corrqMation of the fracture data.

Speciimens. The bend test is a common test used by ceramic czgi- 4'

reers to determine the mechanical properties of ceramic bodies. The bend
test was chosen to be used in this investigation for the evaluation of ceramic
bodies; however, the r.ature of this investigation required that the data ob-
tained from the bend test be as quantitatively precise as possitle. r

k
In previous periods %f this study, bend tests were conducted on speci-

mens of the design showr In Figure 9 of AF Technical Report No. 651-.
Specimens of this design were, loaded in the manner shown in Figure IS of -

that report, I.e., as a solia beam in bend:ng. In this type of loading, the
bend specimen, is not loaded at the neutral a'xis. As a result, undesirable t 4
friction forces are introduced. Since, by their nature, these frictional
forces are unknown, they Introduce errors into the resulting. bend data. r
(For a discussion of the significance of friction in bend tests, see WADC A

Techri al Report 5Z-67.)

*°
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In order to alleviate friction forces, an alternate bend specimen Was

designed for the size-effect program which permitted loading at the neltral

T.axis. This alternate dceign provided for the Usp of bushings in the sp;Li-fnen.

i These bushings were located accurately on the neutral axis of the Bp

' and were cast into the plaster specimrien. The load was tranismitted thrc-agh

rhardened steel piVs inserted through the busi.ings. Thus, a pure bendifg1. moment could be transmitted to the gage section of the specimen withoilt
introducing unknown friction forces. The two sizes of this alternate bend
specimen used for the size-effect study on plaster are shown in Figure 7.

SFigure & shows alternate bend specimens of the twc sizes used 1i this
program. It should be noted that l/2-iach'-diameter brass bushings we,'C

.used in the No. 5-size bend specimen. No bushings were used in the No- I-

size specimen; instead, the pins were cast dirertly into the Apecimen.

These specimens of Hydrostone were cured in the same manner no the

o. size-effect compression specimens. Each specimen was marked as it Was
re°i-oved from the mold, in order to insure the same relative orientatiorl in

each test.

The methods used in testing these bend specimens are given in detail
later in this report.

Results. The procedure followed in the calculation of data from theSe
I{ bend specimens is outlined in detail in Appendix I. Data ' tained from the
tests on small' No. 1-size bend specimens are given in T'able 5. Elastic
data obtained from large, No. 5-size bend specimens are given in Table 6.
Fracture data from the No. 5-size specimens axe given in Table 7.

"It should be noted that the moduli reported in Table 5 for the arsmall
bend specimens were not equal. If it i assumed that the modulus of elatitic-
ity is the same in tension as in compression, the values in Table 5 represent
a measure of the state of stress in each bend specimen. Theoretically, if
the recorded tension and compression moduli were equal, a state of pure

bending would have existed in the specir.en. The fact that the strains on the
top and bottom surfaces were not equal indicates that this assumption in
faulty, or that extraneous axial stresses shifted the aeutral axis. It doe5

not seem logical to assume that the consistently greater strain on the tenoilon

surface was due to random stresses. It seems more logical that the two

strains, tension and cornprcssion, u'ere unequal ac a result of different ten-
sile and compressive properties or as a result of a consistent axial tensile
stress.

It is interesting to note that the elastic data on the large bend speciroen
(Table 6) indicated an inequality of moduli opposite '-o that. observed on the
small bend specimen. It does not seem logical that such a reversal Should
result from the basic designs of the specimens, but, rather, from a differ-
ence in the loadings of the specimens, Both of these variations could have
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TABLE 7. FRACTURE DATtA FROM NO. 5-SIZE PLASTER I
BEND SPECIMENSF . .... __ _ _ _ _ _ _ _ _ _ _ __ _ __ _ _ _ _ _ _i

Specimen No. Stren-gth, psi. Spcinmtn No. Strength, psi

H1oB-8 1345 1150B-3? 950
1i50B-9 1325 1150B-33 1265-
H50B-10 1535 1150B,- 34 1245
H5•B- I1 1170 P150B-35 1055'
1-150B- 1z 1355 11501B-36 1230*11150B3-13 1270 1,15013-3 7 1265
WH;0B- 14 14a0 H50B-38 1345

H50B- 15 1555 1150B-39 1225 t
H50B -16 1490 H150B -40 1015
H5OB-18 1555 I150B-4 1 1030
115013-19 1675 11501-42 1110
H50B-20 920 145OB-43 1265
H50B-21 1300 1150B-44 1380
H5013-ZZ 1125 Y1501B-45 1010
1-501B--3 1265 1450B-46 1430
1H50B-24 1225 1150B-47 1120
1H50B-25 1060 1150B-48 1570
1150B-Z6 1040 11,0B-49 1510 I

1H5013-27 790 H150B-50 1700
H50B-28 835.
1H50B-29 1175 Mean Value 1250 - 55 t

H50B-30 1240 k_
H50B -31 1105 Standard Deviation 215

7 ° •
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resulted from variations in the disutince betw:en the innermost bushings,
too short a distance causing an axial tensioth and too long a distance causing

an axial compression..

In an effort to determine wheth.r or not the relative orientation of the

specimen in the test (and,. hence, its o:i entation in'the noold) infiaenced the

moduli data, experiments were conducted on both No. i and No. 5-size.
specimens loaded under "normal" and "inverted" orientations. A "normally"

oriented specimen Was tested with its bottom side in the mold in tension. An I

"inverted" orientation placed the bottom side in compression. The data from

these tests are given below:

Modulus of Elasticit'r 1 106 psi

S ecimen No. Orientation Tension Compression

- I(AvPirage of Two Determinations)

l-HIOB-24 Normal 2.33 2.46
Inverted 2.47 2.43

SHI0B - 30 Normal 2. 3Z Z.60
Inverted 2.40 2.57

(Average of Three Determinations)

H50B - 13 Normal 2. 50 Z.48
Inverted 2.43 2.46

H50B- ZZ Normal Z. 34 2. 17
InverLed 2. 16 2. 3Z

I150B - 23 Normal 2. 31 2. 17
Inverted 2. 09 2.30

In general, these data indicate thst the observed inequality between

tension and compression moduli was reversed by inverting the specimen in
the loading jig. These data tend to refute the explan.tion that the differences
in rnoduli were due to extraneous axial stresses, since these stresses should
not have been reversed by in,.erting the Specimen.

Additional tests were conducted on No. 5 bend specimens to determine

whether the rate of loading had any efect on observed elastic data. No. 5 .
bend specimens'were subjected to three crntinuous loadings and to three |
incremental loadings, in which the load was applied in steps or increments.
The data from these tests are given below:

Type of Modulus of Elasticity, 106 psi A
Specimen No. Loading Tension Compression

H50B - 8 Incremental 2.34 2.24
Continuous 2.29 2.22

H50B - 13 Incremental 2. 50 2.48
Continuous 2.47 2.46

i . p
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These data indicate that there was no significant difference between

"" I elastic data obtainecr from the dffcrently loaded specimens; however, data
from the icrementally loaded specimens tended to be more erratic than

data "-Ir. specimens loaded coritinuou-ly.

No possible explanation zould be found for the reversal of moduli data

reported above other than that the elastic properties of the specimen vary

from top to bottom in the mold. That such a large variation between tension

and compression moduli could be attributed to orientation was not obvious.

In summary, it doer not seem necessary for the elastic properties of

body to he the cam in t..s.on an.d Compression, nor does it seem plausi- I
ble that.material variables Could cause such a large variation over such a

small depth. At the same time, it should be noted that the variation between

moduli was for both specimens within the probable error in the data. As a
result, it was felt that these differences in moduli reflcted experimental I
errors of unknown origin, and that, for all practical purpos.-!s, the tension

and compressior moduli were equivalent.

The fracture data in Tables 5 and 7- on the two sizý-s of bend speck--

men indicate that small bend specimens of Hydrostone plaster were stronger

than large speimens of similar design. For the size variation studied, this
variation in strength was of the order of 31 per cent. This variation was
similar to the qualitative effect of size on strength predicted by the mecha-

nistic theories,. It should be noted, however, that the standard deviation of

the strength did not decrease with size as predicted by these theories. In
"light of these data, it seems plausible to conclude that the size of a Hydro-

stone plaster body does affect its strength in bending; that is, that an effect
of size on strength does exist, at least in bending.

The quantitative significance of these results is discussed in more
detail later in this report.

'I
Torsion Teats

:-"-] i As Enother part of the program to determine the effect of size upon
fracture phenomena, torsion tests were conducted on plaster torsion speci-

"mens of two different sizes. These tests were conducted to determine

whether an effect of size on strength existed and to study the effects of size

and st'ress state. No elastic data wer- obtained from the small torsion
specimens due to th&'.r small 6ize." Elastic data were obtained, however,

on the No. 5-size torsion specimens. Fracture data were obtained for both
i sizes.

Specimens. The torsion specimens used in this size-effect study are

shown in Figure 9. The dinensions of these twvo sizes, the large and the I' small, are given in Figure 10. As in the case of the bend and compression
• t
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I-peciniens, the No." 5-size torsion, specimen was 5 tirm~eethe -size of the
No, 1-size torsion specimen, a volume ratio of 115.

T1iei e specimens, like the other size-effect specimens, were cast in

NT.Lucite molds. The jrocedures for casting and curing these spec-mens were
the rane as those used for the size-effect compression specimens. All. of
the torsion testa were conducted on the 14th day after casting.

The procedures used it) conducting the hize-effect torsion tests are
given in a later section of this report.

! N Re sultm. In the calculation of the torsion strengths, the standard
elaýtic lormulra was used, that is:

T 16MtC ST a • (1)
U.7 rD3

1! where

T "torsion strength, psi,

jMt a applied moment at fracture, inch-pound,

D = diameter of gage section, inches.

-The elastic data obtained from the No. 5-size torsion specimens of
Hydrostone plaster are given below:

110- Specimen Modulus of Rigidity, 106 psi
No. (Average of 3 Determinations)

H50S- 11 0.810
H50S - 1Z 0.799H50S - 13 0.835

H50S - 15 0.845

Mean 0.830; 0.026

If these data are used to determine the modulus of elasticity, E, from
the relation

- E 2 (1+v)), (G)

whcre G is the modulus ot ri,-dity and v is Poisson's ratio, and a typical
value of v n 0. 250 is used, E is found to have a value of 2. 08 x 106 psi.
This value is somewhat low when compared with values of E determined
from other size-e.fect tests. This discrepancy was considered to be due to
"a low experimental value for, the modulus of rigidity, G. Although the value
of 2.08 x 106 psi for E is reasonable and of the correct order of magnitudeP
more data on the modulus of rigidity would be required before the relation
between the two moduli could be clarified completely.

tT



W.ADC TR 53-50 -38-

The frectur-: r'ata obtained fror-n the No. l-rize torsion specimens are
given in Table 8 and the. fracture data for the No. 5-size torsion specimens
are given in Table 9.

These data indicate that both the strength and the standard deviation"
decrease with an increase in size. These data show a decrease in strength
of approximartey 30 per cent with a fivefold increase in size. This effect ofs~ze on strength and stand-ard deviation agreed qualitatively with that pre-
dicted by the mechanistic theories of strength. The quantitative significance
of these data in discussed later in this report.

In all cases, these specimens, No. I size and No. 5 size alike, frac-
tured in a brittle manner; that in, normal to the maximum tensile stress in
the body. These specimens fractured on a helical surface oriented at 45
degrees to the axis of thr specimen (this type of fracture surface" is typical
of brittle materialn). In.almost eery case, fracture appeared to initiate at
or very near the outside surface. This served as another indication that,
conditions at the surface of bodies of this material may influence fracture. I

Summary of Size-Effect Data on Hydrostone Plaster I

Table 10 contains a summary of all the elastic data obtained from I
plaster specimens is a part of the program to determine the effect of size
on the fracture, of brittle materials. These data indicate that there is no
significant effect of size on modulus in tension. The bend and compressiondata appear to indicate such an effect; however, the significance of the varia-
tion of modulus with size cannot be resolved at this stage- of the investigation.

Table 11 contains a summary of all the fracture-strength data ob-
tained from the plaster size-effect specimens. These data indicated that an
effect of size on the strength of Hydmostone plaster does exist. In turn, this
effect agrees qualitatively with that predicted by the mechanistic theories of
strength; that is, the strength. and the standard deviation of the strength de-
creased with an increase in size. This decrease in strength was of the
order of 30 per cent for a fivefold Increase in size.

-jV
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i
TA5LE 8. FAC'TURE DATA FROM NO. I-SIZE PLASfER

TORSION SPEC IMENS

SSpecimen No. Strength, psi

HIOS-Z 1605
H1OS-3 1540

SH10S-5 1465

H10S-8 2460(0)
HIOS-9 1600
HIOS-10 1385

HIOS-12 1490
HIOS-14 1375
10S1 O-18 1755

1HlOS-19 1740
HIOS-20 1340
HIOS-21 1580
1IOS-Z2 175

T H1OS-23 1715
] H1OS-24 985

HIOS-25 1590
T 10OS-27 1440
I HIos-:,3 1640

H1IOS-35 1595
IINS10 -37 1480

HOS-38 1440
T HIOS-39 13f0
I HIOS-40 1635

HIOS-41 1895
HIOS-42 2035
-IHIOS-.43 1805

I HIS-44 1530
HIOS-45 1560
H1OS-46 1160
HIOS-47 1500

-- H1OS-48 1620

HIOS-50 1260

* Mean Value 1545* 65

1i 7
Standard Deviation 210

(1) ReJected from computation of mca,

• g
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I

TABLE 9. FRACTURE DATA FROM NO. 5-SIZE
P LASTER TORSION SPECIMENS

Specimen Number Strength, psi Specimen Number Strength, psi

1-HSOS-1 1195 H509-36 1375

11505-3 1010 H5OS-42 1.260

H50S-4 1005 H50S-43 1070

H56S-5 880 H50S-44 1090
H50S -7. 970 1150S-46 -)55

I-,51S-9 11 10 H50S-47 935

H50S-1 1 740 1-150S-48 1050

H50S-12 970 H50S-51 1285

1150S-13 915 H5OS-52 1310

H50S-14 940 H50S-53 1215
H50S.-15 1050 H50S-54 1280

H50S-16 680 H50S-55 1160

1450S-17 840 H50S-58 1380
H50S-zz 840 H50S-59 1205
1450S-5 1240 lH50S--60 1365

1150S-27 1250 H50S-61 1220

1H50S-29 1175 H50S-6Z illo 0

1H50S-32 1310 H50S-63 1115

H50S-35 1600
Mean 1115 ± 55

Standard De'viation 200

?I

I ,
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c" TABLE 10 CUMULATIVE ELASTIC DATA ilOM PLASTER SIZE-FFICT SPECIMENS

Sla:ndrd Probable Number of

Specimen Property Me.,n V!.Iir DeviatSonpe 5rror ( )(1) Specime's

Small tenuoin Modalua• s elasticity, 106 psi 2.40 0 13 0. i;5 ZZ

(No. I size) Poisson' a ratio 0.258 0. O4l 0.037 6

Large tension .4oualus of elasticity, 106 pMti 2.39 0. 11 0.09 2

(No. 4 siLe) Poisson' a ratio 0.240 0.020 0.018 6

Small torison Modulus of rigidity, l106 0s1 --

(No. I size)

Large torsion Modulus of rigidity, 106 pi, 0.830 0.0Z6 0.028

(No. 5 uizel

Small bend T-nsion modulus of elasticity, 2. 51 0. 1 S 0. 1 1

(No. I size) 106 psi

Compression modulus of Z. S3 0.20 0. 14 8

elasticity, 1O6 psi

Large Bena Tersion modulus of ela4ticity, 2. 19 0. 10 0. 05 13

(No, 5 size) 106 psi

Cospr:,-rt!ion !rý-•Ž.lus of Z. 30 ). 13 0.07 13

elasticity, 106 psi

Poisson' a ratio 0.240 0. u1 0. OlO 6

Smadl compres- Modulus of elasticity, 106 psi 2.45 0.05 C. 02 14

sLon (No. I size) Poiusun' a ratio 0.252 0.038 0.034 7

Large Compres- Modulus of elsasticity, 10
6 

psi 2. 33 0. 05 0.02 14

siou% (No. 5 size) Pui'son' a ratio 0. 48 0.008 0.004 14

(1) See Apierdix U1.

4i
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Correlation of Size-Effect Data on Plaster With
"Nyeibull's Stati.tical Theory of Strength

One of the intermediate objeztives of this inve&tigation has been to
"dtcrmine whether any of the existing theorier of stre'ngth apply to the frac-
ture of ceramic mnaterial's. it was pointed .out pr-.viously in this report that
Weibull's'statistical theory of strength(18- 19) predicts an effect of sine on
strength. Since the size-effect tests on plaster indicated a size effect, an
attempt was made during this period to determine the applicability of
We.bull's theory.

Weibull developed expressions relating the size of a body and its 8ta-

tistical strength in the stress states of tension, bending, and torsion. These
expressions were used to determine the constants for Weibull's theory and
to compare the observed strengths with those predicted by his theory. In
addition, Weibull developed expressions purporting to relate the strengths
"in the various streus states. The s-gnifi-ance of the effect of stress state
on fracture strength is discussed in a later section of this report. The ape-
cific equations used to obtain the predicted stren•gths appear in Appendix III
of this report, along with a detailed discussion of Weibull's theory.

Table 12 gives the size-effect data and the value 3f the material con-
stant, m, determined from each stress state. In addition to these data, the
bend data reported in Table 4 of WADC Technical Report 52-67 were analyzed
by the method described in Appendix IMI. An average value of M.= 12 was
determined from these bend data as ccmpared to a value of mn = 12. 9 in
Table 1.2. The data in Table 12 indicate qn approximate average value of
m M i4. The scatter in the values of m is quite large and may be significant
of the connistency of the size-effect data.

It must be pointed out that analyses of initial portions of these data
indicated a value of m of approximately 12. Due to the complexity of these
determinations, it was found expedient to use a value of m = 1Z in the corre-
lations and calculations from Weibull's theory which appear in this report.

Mathematical methods have been used throughout this report in the
application of Weibull's theory to the fracture data on. Hvdrostone. Weibull's

statistical constants have been determined from mathematical treatments of

the data: however, Weibull has deveioped graphical methods for thc dctermi-
i (nation of these constants. In regard to this problemn, lie points ou.(20):

"For determining the most probable values of the distribution constants

for a given test series either geometrical or arithmetical methods rmay be

Sused. An advantage of the former is that they inr-nediately indicate statisti-
cal anomalies in the series. Therefore, it seems to be advisable that the
observations should first be treated by graphic Lnethods, while the arithmet-
"ical methods should not be used unless the results of the graphical treatment
call for their application."

'r
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TABLE 12. MATERIAL CONSTANTS FOR HYDROSTONE PLASTER

Standard
Dev-ation

Average &Mcani of Mean Material
Spzacimen Volume, Strength, Strength, Constant, (1)

Stress State Size in.3 psi psi m

Tension 1 0.0633 1195 175
4 4.10 915 135

Torsion 1 0.0633 1545 210
5 6.92 1115 200 14.4

Bending 1 0.0190 1845 210
5 2.33 1270 205 12.9

(1) Snce Appendix ilL

In the analysis of the size-effect data of this investigation, an attempt
was made to apply the-graphical methods to which Weibull refers; however,-
difficulty wais experienced in these initial attempts. Additional, more re-
fined rujethods are available at this time for the determination of these dis- I
'tribution constants, but these new methods have not been attempted.

It is also very important to point out that the distribution function used
in this study of Hydrostone piaster was a greatly simplified one, and that
mo more refined distribution functions are available(18, 21). that

Table 13 gives a comparison of the observed strengths and the strengths
predicted from Weibull's theory for the large-size specimen. The predicted
values were calculated to show the order of variation resulting from the use
of different values of- r.

In addition to the analyses of strength data, the standard-deviation data
obtained from these size-effect tests were analyzed and compared with devi-
ations predicted from Weibull's theory. Expressions were developed relat-
ing specimen size and standard deviation in particular stress states. The
specific equations used in obtaining the predicted deviations appear in Appen-
dix m. The analysis of the standard-deviation data from the Hydrostone
size-effect specimens is given in Table 14.. It can be seen from Table 14
that the experimental deviation for -he specimens treated was not in good
agreement w;.th the deviations predicted from Weibull's theory. The values ,

I t
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TABLE 13. COMPARISON OF EXPERIMENTAL STRENGTHS OF LARGE
PLASTER SYZE-EFFECT SPECIMENS WITH STRENGTHS
PREDICTED FROM WEIBULL'S THEORY

"Experimental Predicted Strength, psi(l)

Specimen Strength, psa m a 12 mnz 14

SLarge torsion 1115 1045 1105

Large tension 915 845 885

Large tend 1270 1Z35 1310

S(1) Ste A. 2endtx Ul, Eguttions (4 7). (48), and (49).

T' TABLE 14. COMPARISON OF EXPERIMENTAL STANDARD DEVIATIONS
OF STRENGTH OF LARGE PLASTER SIZE-EFFECT
SPECIMENS WITH DEVIATIONS PRPDICTED FROM
"WEIBULL'S THEORY

S]iExperimental
Standard Predicted StandardI. Deviaion, e S :(l)

Specimen, psi ma IZ 12 m 14

Large 'torsion 200 140 150

Large tension 135 IZ5 130

Large bend 205 140 150

S(11 See Appendix 111, Equations (66), (71). and (77/).

""__ _ __,__ _ __ _ _ _ ___ _ _ ___ _
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I
.1 of the observed standard deviations can be exnected to change as the number

of specimens tested is increased. As the r.urnber of tests in each group be-comes quite large, ih� ubserved standard deviation, as a property, be.ornes
more rehable. It is important to note here that the standard deviation of the
strength of a series of �peciYnens is as much a property of the series as the j
i-ncan strength. it has been pointed out ir. another Section of this report that
the second moment of the distribution about the mean is equivalent to the
square of the standard deviation. Also, it �s inportant to note that the third I �.and fourth moments of the diF;�ribution are also prc)perties of a set of speci-
mens, rod that, if a complete statistical analysis is to be made of the frac- I
ture rf a material, each of the pel-tinent 5t.it�stiCal properties must be I
studied. I

W�ibull also developed expressions for predicting the effects of various ' f
stress states up-n the standard deviation of the strength. The correlations It
of the size-effect data on I1ydro�tone withthese predictions appear in a later
section of this report.

The results of these analyses of size-effect data indicate that it may be
possible to predict the effect of si.�e on the strength of Hydrostone plaster bysing Weibull'a th IU the size-effect tests on Hydrostone-�la ster corn-

Size-Jiffect Exieriments c i Porcelain

recalled that
pression specimens raised an important question: Do ceramic bodies of

exhibit different rnoduli of el:sticity? The data from these
compression tests on plaster (see Table 1) indicated that, in compression, Ii
small specimens of Hydrostone have a higher modulus of elasticity than la.ge Ispecimens. The mechauistic theories of fracture do predict a. variation infracture strength similar to that observed here, but they anticipate no de-
crease in elastic modulus with size. It is possible that this variation re- ! >
suited from differences in thcrmal histories, or on the other hand., from a
true size dependence of modulus. f �

In an effort to determine whether this variation of modulus was charac-
teristic of ceramics other than plaster, a series of tests was conducted on I
compression specimens of po'celain, of the same design and dimensions as

* the size-effect compression Bpec�mnen5 of plaster (see Figure 1). These
porcelain specimens were fabricated by the Champion Spark Plug Company
of Detroit. The preparation and the testing of these specimens were the

* same as the preparation and testing of the No. 1- and No, 5-size plaster
compression specimens. The mooduli and Poisson's -ratio data were cal':u-
lated in the same rnar.ner, that is, using the techu� 4 ucs outlined in Appendix I.

I
t
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Table 15 gi~ves the results of these tests. only elastic data are given
on No. 1-size an-d No. 5-size specimens. These specimens were not

I fractured.

IThe data in Table 15 reveal only a very s mall variation in elastic

Umodulus between the two sizes of specimens. Although this difference itr

moduli was in the same direction as the variation observed in H-ydrostoneI plaster, the difference for porcelain was of 3udh a small magnitude that no
defin-Ite statement is justified as to whether the variation of the compression

a-modulus of Hydrostone Was due to a true size effect or edu!! to a material
IIvariable. It is interesting t~o n~ote, how~tver, that the data for t he Hydr ostone

6ize-effect bend specimens (See Tables 5 and 6) exhibit the same effect of
size on :aiodulu ý At the sa~me ti:me, the Hydrostone. size-effect te -ision speci-

-mens exhibited practically n~o variation in modulus with size. Together,
these observations would seem to indicate that a real variation of elistic.

I modulu's with the size of ceramic bodies does not e~xist, or is of such q. magý-4 nitude that it cannot be discerned with present techniques.

r ~
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TIHL EF'FECT OF STRESS STATE ON MECHANTCAL PROPERTIES

It has long been observ-d that the state of stress in a body has an in-
flue-ice on its fracture. For example, the compression strength (defined by
the ordinary corn-re-ssion test) of a brittle r,,ateria- is riuch higher than its
tenile Ftrength, sometimes being of the order of eight times the tensile
strength. In the present investigation, the ..ompression strength of Hydro-
stone plaster was found to be about sx times greater than the tensile strength.
In the case of cast ironY which is not truly a brittle material, even the stress-,
strain curves in tension and compression differ. Another striking example
is the effect of high hydrostatic compression stresses on the behavior of
"brittle materials, illustrated by the fact that under the tremendous pressures
in the earth' s crust, i;7neou.• and sedimentary rocks which are quite brittle'
in ordinary compression have been caused :o flow like a viscous fluid.

"IHow well, then, do the phenornenological ard mechanistic theories. of
Strength predict the behavior of brittle materials under varying states of
stress?

SIt was pointed out earlier that the phenomenological theories of
strength belong to the classical group.of theories that predict a unique frac- "

ture strength for a material. The phenom-enological theory m,,,t commonly
applied to brittle materials, the maximum-tensile-stress theory, postulates
th'at fracture will occur when the maximum tensile stress in a body reaches

I a certain value.. Thi.- tdheory has been found to agree qualitatively with
fracture data on brittle materials at normal temperatures and pressures.

However, this thvory predicts that the fracture of a brittle material is in-
dependent. of the other two principal stresses. This would mean that the
streiigth of brittle materials s-hould be the same in triaxial tension as in

uniaxial tension, which is contrary to observation. At the same time, this
tie6 ry in no way predicts thl.e behavior observed at high hydrostatic pressures.• On. ,'he o ther..hand, many of. the phenomenological• theories, such as the

octahedral--shear-stress theory, the effcctive-stress theory, the distortion-

energy theory, the, maximum-shear-stress theory,, and the maximum-strain-
energy theory, are not valid for iruly brittle materials, since they propose
criteria which are more valid for flow than for fracture. This becomes ob-
vio.us when it is noted that each of these theories predicts that a material

will not fail. in triaxial tension. To these linmitations of the phenomenological
theories must be added the limitation that these theories predict that the
strength of a body is that of its clemente', regardless of its size.

The mechanistic theories are typified best by Griffith' s theory (22)

and by the iitatistical theories of strength. According to Griffith's theory,
the strength ofa body is equal to the microscepic stress in a very small
volume at the instant that a critical crack in this volume begins to propagate. "
rhe effectS of other cracks and of the distribution of these cracks in a body

are neglected by Griffith.
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It has been pointe-d out that the phvnomenoloixt;l thcorics consider
that fracture will *occur wioen any one element in a b,_dy rea,_chs'a ,iical-

L-tate of'stress and Griffitth -hakes this same assurmption. In the's theories,
the importar.t point is that fracture is conside-red to oceur when this critical
element fails, and that the contribution of other •-nients is considered to be
negligible. In the case of the statistical theories of strength, however, con-
sideration is given to every element n ia body and its contribution or possible
contribution to fracture is taken intc account.

Lct us compare the maximumn-tensile-stress theory, for example,
with Weibull' s statistical theory of strength. Th" maximum-tensile-stress
theory states that fracture will occur when the tvnsilc stress on some plane
of an element reaches a critical value. Weibull' s theory, however, proposes
that there is a certain probability of fracture associated with every unit
volume. in a body, and that this probability is a function of the state of stress
in the element. What is even more impor!ant is that the probability of frac-
ture of a unit volume is not only the probability of fracture associatcd with one
plane of the element, butthe probability of fracture associated with all planes
in the element. Hence, the probability of fracture at a point in a body be-
comes a function of the individual probabiities of fracture on every plane
throughthat point on which the normal stress is tensile. This reasoning can
be extended to give a probability of fracture for the entire body, taking into

consideration the state of stress at every point in the body. If the relation
betveen the tensile stress in an element and the probability of fracture of
that element is assumed, then the strength ot the element, as the most
probable st_,ýcss at fracture, can be predicted. It is important to point out
however, that Wt-ibuP.' s theory assumes that fracture will take place under
the action of tensile stz-esses, that is, in a normal brittle manner. Further-: more, Weibull' s theory postulates that the fracture of a body occurs simul-

S~taneously with the fracture of any of its elements.

Si 7Nevertheless, Weibull' s ttheory predicts a distinct effect of stress

state on fracture phenomena. It is true that Griffith' s theory and the phenomr-
enologicai theories also predict ar effect of stress state on fracture; how-
ever, it appears at this point that more can be gained from a study of
Weibull' s theory.

In light of the above, special consideration was given during this
period to the correlation of fracture data with *Weibull's statistical theory of
strength. Fracture data obtained from size-effect tests on plaster in the
simple stress states of tension, torsion, and bending were correlated with
Weibull' s theory. In addition, the results of tests to determine the effects

A • of biaxial states of stress on the fracture of plaster have been reported.

i i
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Correlation of Ten.°on Torsion, and Bend Data
on P�It.- ':ith Weibu!' s Theory

One of the objective5 of this investigation is to determin,- whether
- any of the existing theories of strength apply to ceramic materials. Since

the tindicated a size elect, and since Weibull' s theory pre-
dicts such an effeci,4n attempt w4 made to determine the applicabilityof
Weibull's theory to stress-state data. Weibul. developed expressions pur-
por*",-g to relate str-engthsin tension bending, and torsion. In addition, he
has developed expressions relating specimen size and strength in a-particular
stress state. tience, these expressions could be used to predict the strength
of Hydrostone plaster in each of these streps states and to compare the the-
oretical strengths with the observed strengths.

The general principles of Weibull' s theory were outlined in detail in
WADG Technical Report No. 52-67. These principles were used to develop

Sexpressions for p ,edicting the effects of size and stress state oa the strength
of Hydrostone plaster. Additional expression-s were developed for predicting
the standard deviations of the strengths of pla-eter. The specific expressions
used for these correlations are outlined In Appendix III of this report.

The general procedure was to determine the material constant, m.
for Hydrostone plasler from the size-effect data from one stress state and
then to use this value of m in the appropriate equations to predict the strength
of Hydrostone in the other stress states. Table 16 gives the size-effect data
and the value of the material constant, M, determined from each stress
state. The volumes reported in Table 16 are averages for the specimens
tested.

Weibull also developed'expressions relating the standard deviations
of the strengths in the various stress states. As a part of the program to
correlate fracture data, these expressions were used to aIalyze the plaster
size--effect data. The results of the comparison of the standard deviations

wit h those predicted from Weibull' s theory are given in Ta.le 17,

The results in Table 16 show a fair agreement between the experi-
mental and the predicted strengths. The analyris indicates, however, that
more size-effect data (particularly on gage-free specimens) may be re-
cquired if definite conclusions are to be drawn as to the applicability of
Weibuil' a theory to the fracture of Hydrostone plaster. An extension of the
program to some other c,-ramric "aterial (contemplated for the following
contract period) would furnish valuable insight as to the applicability of

Weibull' s theory to the fracture of brittle ceramics.

-. ! IThe results in Table 17 of the comparison of experimental deviations
with deviations predicted by Weibuil' s theory r. eal a poor correlation.
This effect may have resulted, however, from the relatively small number
of specimens tested. Standard deviation, as a property, appears to be much

!~---.~- *-
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TABLE 16. COMPARISON OF EXPERIIIENTAL STRENGTHS OF
PLASTER SIZE-EFFECT SPECIMENS WITH STRENGTHS
PREDICTED FR.DM WEIBULL'S THEORY

Based on Large To:'uion Strength and m 12

Predic ted Experimental

Strength, (I) Strength, Deviation,

Specimen psi psi %

Small tension 1125 1195 5.9

Large tension 960 915 4.9

Small torsion 1650 1545 6. 8

Large torsion -- 1115 --

Small bend 1975 1845 7. 0

Large bend 1320 1270 3.9

Ct) See Appendix Ill. Equations (50). (51), and (52).

TABLE 17. COMPARISON OF EXPERIMENTAL STANDARD DEVIA-

TIONS OF THE STRENGTH OF PLASTER SIZE-EFFECT
SPECIMENS WITH STANDARD DEVIATIONS PREDICTED
FROM WEIBULL' S THEORY

Based on Deviation of Large Torsion Specimen and m , 12

mn Experimental Standard Predicted Stanclard Deviation,

Specimen(,2) Deviation, psi Deviation, psi(l)

Srnall tension 175 200 14

(25)
Large tension 135 170 26

t -" (19)

Small torsion 210 295 41

Large torsion 200 ...

(37)

Small bend 210 355 69

(36)
Large bend 205 235 15

(2) See Appendix I W. Equations (77). (78). a ecd (79).
~('2) Number in parentheses indicates number of specimens tested.
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rnore sensitive to tOt size of the* sample than is the mean. Therefore, a far
I larger nurnlber of tests may h, required to obtain suitable deviation datO

than to obtain reliable strength uara.

These correlations of strength and .,tandard-deviation data do indicate

that Weibuilt s stati.tical theory of strength may offer a reliable means ot
prcdictihgh o a certi body. eihrWibis

.pl-:dictilg the statistical Strength Neither WrbullbJ theory nor any other th~eory, however, offers any way of predicting the
strength of a single ceramic body. Still, it r-iay be possible, using Weibull' s

I theory, to predict a threshold strength for a ceramic body below which this
"body will not fail (ný gligible probability of fracture). However, this threshold

strength may p:rove, to be too small to be of practical use to the ceramic

j engineer.

The Effect of fiayial Stresses on Meechanical Properties

I
In the past, this 'esearch has been limited to a study of the simple

T stress states of uniaxial tension and compression and.to the states of bending
and' torsion. it is obvious, however, that limiting the investigation to the
study o~f tension, 'omnpression, bending, and torsion states would be unreal-

istic, as the str .- s states commonly encountered in practical problems are

combinations of these simpler states. If a practical solution is to be found
to the ,roblern of the effect of stres3 state on the fracture of brittle mate-
rials, the effects of biaxial stresses should be studied.

k biaxial stres state ",plies the consideration of a two-dimensional

stiess system. Figure 11 illustrates a general two-dimensional stress
systel-a acting on a small element of material. Cx and ay are normal stresses,

I which may be either tensile or compressive stresses. T is a shear stress.STxy
Figure 11 represents the general stress state in a body suojected to biaxial

T stresses corresponding to a random orientation of the element in the body.
~I In every case of biaxial loading, however, there is one particular orientation

of the element for which the shear stress is zero. This condition occurs
when the x and y axes coincide with the principal axes. The principal axesjq I correspond to Lhe directions of the maximum and minimum norrmal stresses
on an element. This orientation Is shown in Figure 12. a, and 02 the prin-

J cipal stresses, m-nay be either negative or positive, but (11 is always algebra-I. ically greate2r than or equal to o2.

From the above discussion, it can be seen that any biaxial stress state
can be defined completely in terms of the two principal stresses. Further-

T" more, the type or character of the biaxial state can be expressed in terms of
j the ratio 02/1l of the principal stresses. For example, a tension test would

lbe represented by a ratio o2o I = 0 and a torsion test by a ratio a2/O I -1.

'Tests of the biaxial state in which the ratio of the principal stressesI ~' is constant throughout the test are designated as constant-stress-ratio tests.
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Esscntially, this rnens that the stress r.tio in a body does not change as the
body is loaded to fracture. In the pa';t, the method used most commonly to
investigate the effect of biaxial stresses has been the constant-stress-ratio
test.

In this investigation, the objective is to determine the effects of var-
.j ious biaxial stress states (each represented by a particular stress ratio) on

the fracture strength of a brittle material. If it were assum_-d that biaxial
stresses do affect the fracture strength of a material, then it would follow
that there is a unique fracture strength for each stress ratio. This concept
of a variation of fracture strength with stress ratio is exemplified by the
hypothetical curve shown in Figure 13.

In Figure 13, the axes are designated as G0/af, and Coi/Cf, where af
has been chosen as the fracture strerngth in simple tension (for this hypo-
thetical rzaterial). Points C and D repres. nt the fracture strength in simple
tension. At Point C, for example, a 2 is zero and o1 = 0 f, C'1/cf - 1.0; at
Point D, a similar condition exists. A constant-stress-ratio test can be

4l . represented by a straight line extending outward from the origin, 0. A bi-J axial test for whichi' t 1/3 is represented by the line OB. Every point
on this line represents a stress condition at some time during the teat. As
0 2 and Gi are increased, the point representing, the stress state moves out-
ward along OB. When 02 and Git reach the magnitude represented by Point B,
the specimen fractures. Thus, it car be seen that the curve shown in Figure
13 represents the fracture strength for all possible biaxial states of stress.

As a part of the program for studying the effect of stresb state on
the fracture of ceramic materials,Weibull' s theory was analyzed and ex-
pressions developed for predicting the fractu:'e of Hydrostone plaster under

Scombined stresses.. The results of this analysis of Weibull' s theory are
"presented in Figure 14 in the form of a curve of the type shown in Figure 13.
It can be seen from Figure 14 that Weibull' s theory predicts a steady in-

.I crease in fracture strength (value of 01 at fracture) with negatively increas-
ing values of 02. Figure 14 also shows that, in the regior of biaxial tension
(02 and o1 both tensile), the fracture strength is lower than the strength in
uniaxial tension. It should also be noted from Figure 14 that Weibull' s
theory is quite similar to the maximum-tens le-stress theory, which predicts
fracture when the maximum tensile stress in a body reaches the stress at
fracture in tension. However, Figure !4 indicates .that caution may be neces-

*-sary in the use of the maximum-tensile-stress theory when both principal
stresses are tensile stresses. It is important to note that the curve in Figure

L 14 is for a unit volume of uniformly stressed Hydrostone plaster Im in 12).

The methods used in the determination of Weibull' s theory fr. biaxialF stresses on. Hydrostone are described in detail in Appendix III.

rar .n. • . . 2.. . . .



WADC TR 53-50 -56-

02

-0.5

r..

/B

i C I

-1.0 -0.5 0.51.

-0.5
E

:I

"FIGURE 13. HYPOTHETiCAL CURVE ILLUSTRATING VARIATION OF
FRACTURE STRENGTH WITH PRINCIPAL STRESS RATIO

A-3856

!I



4ADC I R 53-50

00'

+1.0 TF

0.r + 1.0

. I

Legend

- Weibuil's theory -1.0
-'Moaxium-fensile-stiess low

- Strength in unioxiol tension

-2.0

I•: i i

I iI
I

S~I

-4.0 -

FIGURE 14. WEIBULL S THEORY OF STRENGTH FOR BIAXIAL STRESSES FOR
HYDROSTONE PLASTER (m:12)

A-3857



W WADC TR 53-50 -58-

Corr-bi•ed-Stress Tests on Plaster

A program was set up during this per>'d to study the effect of combi-ied
(biaxial) stresses on Hydrostone plaster. To accomplish this, a specimen
was designed with which various biaxial stress states might be obtained.
This Specimen was a hollow cylinder vhich could be subjected to axial load-
ing and internal pressure. This specinlcn and the systern for loading are

described in detail in a later section of this report (see "Dcvelopmer: of
TestEquipment"). This specimen (see Figure 15) was designed such that
fracture data obtained coild be analyzed using the theory of thick-walled

cylinders. The wall of the specimen ,was of such thickness (when compared
with its internal diameter) that the variation of stresses from the inner sur-

face to the outer surface had to be considered.

In the initial tests conducted during this period, the specimen was

subjected to internal pressure loading or to tension loading. I
The procedures used in casting and curing theze specimens were the

same as those used in casting and curing the size-effect specimens of plaster.

The plaster used for these specimens was the same as that uced in the size-
effect specimens'.

The methods used in testing these specimens are described in detail

in a later portion of this report.

Results

Data from the internal-pressure tests were analyzed using the elastic

theory of thick-walled cylinders.(23) This theory indicates That the stresses

at the inside surface are higher than those at the outside surface. According

to this theory, the transverse stress G 1, i.! the specimen is of the form:

2Sri p r

2l 2 ( r+ (3)
r -r" w v rI,

0I 1

where i
ri radius of the inside surface, I;

r 0ro radius of the outside surface,
p internal pressure,

r = radius at which the stress is being determined. r

"From Equation (3), it can be seen that the transverse stress at the inside

surface, U is (wheu r = i):
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2 2
r +r

Do Di

the trasvrs _t's at Z th ousd •ufce s
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i

01o02 (
D D.

The internal pressure distributed over the ends of the inside of the
specimen is assumed to produce a uniform axial stress, 0 , of the form:

(I 2

S1

Do -Di

i urthermore, it should be noted that 02 and 01 are principal stresses.. Since

the elastic theory (Af thick-walled cylinders assum.aes that Hooke' s law holds
for the test material, the principal strains, C I and C2 , can be determined
from Equations (8) and (9)"

1 1"(9)

-(a VIu2 -J,A' 
E

where C 1 - C•2 and

E =miodulus of elasticit y, psi,

V = Poisson' s ratio.

Jp
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,Then the principal strains on the outside surface of the specimen becorme:

: - 0 1 (10; I

- a
10 1

?O IC 101.

To determine the applicability of the theory of thick-walled cylinders
to these tests on the biaxial specimen, the theoretical strains, C 1o and, £20, C

were compared with the observed values, C' 1 and C' The principal strains,

"" 0 and 20, in all instances were corrected for the effects of transverse
sensitivity [see Equations (20) and (?.1) of Appendix I]by comparing the slopes, r
CIo/Clo, of the theoretical curves of Glo versus C lo with the slopes,a~l JA Eo f ther usC Similarly, the

of the experimental curves of 010 versus '

slopes, ZO 2o, of the theoretical curves of 0Io versus°'€o were compared
,.•tii the slopes, ý,0 1j Co, of the experimental curves of 0 0o versus C"

The C' ' ", f"

The......c constants, E and P. determined for each specimen under tension |
loading were used to determine C 1o and C- o frGm Equations (10) and (11).
These experimental and theoretical curves are shown i:± Figure 16 for a j!
typical biaxial stress specimen.

The theoretical a:.d obscrved elastic data obtained from the biaxial.

stress specimens tested under internal pressure are given in Table 18. 1
" The-;e data indi.ate'a variation of approximately 5 per cent between the
experimental and theoretical results. The reasonable agreement of these
data with the predictions of the elastic theory of thick-walled cylinders was
considered an indication that fracture data from this biaxial specimen could
be analyzed from the point of view of thick-walled theory. It is significant,
in these tests, that the experimental strains were consistently greater than
the theoretical strains. The reason for this variation was not determined.

The pr.incipal stresses and the theoretical and experimental principal
strains at the instant of fracture in these tests are giv.-n in Table 19. The
principal stresses at fracture were calculated from Equations (5), (6), and
(7). The theoretical principal strains, Cl. and -2,e, were calculated from
Equations (10) and (11). The tangential stress, li , at the inside surface
was the largest principal s',reqs in the specimen and was taken as a nominal

value o. the strength of the specid -en.

The data in Table 19 indicate fair agreement between theoretical and
experimental fracture strains, considering ti~e limited an.-ount of data avail-
able.

The elastic and fracture data obtained from those biaxial specimens
fractured in axial tension are given in Table 20. Th, !;trength obtained fromr

7

J
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these tpsts in tension, 780 psi, was considerably below the strength obtained
from the tests under internal pressure, 1085 psi, which was contrary to ex-

* pectation. Weibull' s theory predi(ts the opposite; that is, the strength in
tension should be higher than the 1,treng,?th under internal pressure. However,
it should be remembered that, und,'r internal pressure, the Liaxial specimen
must be treated as a thick-walled cylinder and, hence, the strength should

not be compared directly with the stretngth in uniaxial tension. W..rhen, for
comparison, the biaxiai specimen was considered to behave as a thin-walled
cylinder, then -A strength under internal pressure of 1005 psi was obtained.
This indicated that, as a thin-walled cylinder, the b-iaxial specimen wasstronger under pressure than in uhiaxial tension. It was felt that these

initial data were insufficient and tno erratic to warrant any firm conclusions
concerning the effect of biaxial stresses on the fracture of plaster.

The nature of the fractui-e in these specimens, subjected to internal
pressure, was typically brittle. Fracture appears to have initiated at the
inside surface of the specimen and on a plane perpendicular to the ti'ansversc
stress, OWj. The region in which fracture initiated usually was typified by a
vertical crack in the gage section. Figure 17 shows a bia-xial specimen which
was fractured under internal pressure. Fracture initiated in the central
section of the specimen.

The Effect of Superposed Bendin. Strcsses on Tension-Test Data

If bending str, sses are known to be present in a tension test, the ques-
tion of their effect arises. Present knowledge of brittle materials would lead
us to believe that the strength of a specimen is affected by the type of stresses
present. For example) the* strength data obtained in this investigation on

titanium carbide and plaster indicate that the strengths of these materials
art. not equal in bending, torsion, and tension. It does not seem logical to
assume, then, that superposed bending stresses will have no effect on tension
data.

In view of the encouraging correlations of size-effect strength data
with Weibull' s statistical theory of strength, theoretical relations were de-
rived from Weibull' s theory during this period for predicting the effect of
superposed bending stresses on tensile fracture. The development of these
relations is outlined in Appendix III. Essentially, an expression for the
ultimate strength of a tension specimen stubjected to superposed bending was
derived in terms of the eccentricity of the load and an expression for the
strength of a similar specimen with uniform tensile loading. It is important
to note that these were developed for the bending of a rectangula'." tension ;* •

- specimen about an axis parallel to one of its edges. It is not always true
that bending will take place about this axis only. However, the expressions
developed here are meant to provide only a qualitative indication of the ef-
feet of superposed bending stresses on the strength of a tension specimen. t

The specific expression developed is given on page 68:
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-~Ob 3e+~ [Vd m (2Od" -Vb Sj

where

0 bd~ strength of a (rectangular) specimen subjected to
combineC bending and tension, psi,

Od/ =strengta of a specimen subjected to pure tension

(e 0 o), psi.

e = eccentricity of the load, inches,

h half the w-iCth of the spdcimen (see Figure 33),

Vbd = volume of the gage section of the specimen loaded
in combined bending and tension, cu$. inches,

Vd/ = volume of the gage section of the specimen loaded
in pure tension, cubic inches,

m = material constant (an integer),

rI

13eN

mS m!
S-, (m-Zr)' (Zr T (13)

r o0

It can be shown frozi-' Equation (12) that the observed strength of a
specimen as defined by WeiLull should increase with incrasing eccentricity
of the load.

Effect of Eccentricity on Plaster Tension Data

It has I en noted previously in this report that some eccentricity was

observed in the tests on the size-effect tension speciri.ens of plaster. It was

noted also, from strain nreasurements taken at the instant of fracture, that

the eccentricity tended to vary from specimen to specimen. All fracture
data previously reported for the size-effect tension specimens were obtained
by dividing the axial load at fracture by the cross-sectional area of the

specimen. Hence, these strength data do not take into consideration the
presence of any bending stresses. If bending stresses are present in a ten-

sion specimen at fracture, the normal stress obtained as the ratio of the
maximum load to the cross-sectional area is not the maximuin stress in the
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specimen at fracture, the bending s'ress must be added to this n-ormal

stress. 4

An attempt was made during this period to predict the effect of ec-

""cntricity in tension to, on the strength of the No. f-size tension speci-i
-en of Hydrostoiit plaster. For Hydrostone (m 12, approximately), where

Vbd =Vd, Equation (J2) becomes:

3i
1:1 ~bd (1 T) ,(14)i" • Od/1/12 )

S 12

where

r r 6

3~. (3Zr

s12 Z-r)' (Zr+ l)' (15)

r= 0

Figure 18 presents a theoretical curve derived ;rom Equation (14)

depicting the effect of eccentricity on the strength of the No. I-size-effect
"tension specimen. Weibull' s theory predicts that the strength of an eccentri-

cally loaded tension specimen should increase with increasing eccentricity

of the load. The curve in Figure 18 was based on a value of o 1145 psi.

I In order to compare the predicted effect of eccentricity with data

available on the No. 1 tension specimen, the eccentric ;trength Gbd, a-id the

eccentricity, e, were determined for a number of these specimens, The

stress, 0 bd, was calculated as the nominal tensile stress (load + area) plus

the bending strens (bending strain x moduIus of elasticity). The eccentricity,

1 e, of the load was calcL lated by means of the relation:

EAWF b
S(inches), (16)

I whe re II.

I F = modulus of elasticity, psi,

A = area of cross section, sq in.,

1• W width of cross section, in.,
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E b: bending strain at fracture, microinches per inch,

I axial load at fracture, pounds.

The data for these specimens have been plotted in Figure 18. These data re-

veal only a qualitative verification of the predicted variation o!: strength with

eccentricity. Since the distribution of strengths wil.l change with eccentricity,
an entire series of tcts ac each eccent-iCity ,vould be necessary in order to~77t~ Snc te xil te at..ractwuld e, nicesro inchosder inc

verify this effect quantitatively. However, this effect does sceve as another

indication that the stress state in the body of a brittle material affects its
:• :1strength.

The Effe.ct of Friction on Compression Strength

The usual compression test is intended to obtain the strcngth of a

m_4terial in a uniaxial-compressive-stresS state. Of.course, the word "un'i-

axial" implies that there is only one stress acting upon the body and that, in

this case, this stress Is compressive and has cinstant magnitude and constant

direction throughout the body.

The specimen usually chosen for the purpose of s'mulating this stresa

state it a right prism or a right circular cylinder; however, a critical dif-

ficulty arises in the loading of these specimens. As the stress must be uni-

• formly compressive throughout, an attempt is riade to distribute the load

uniformly over the base surfaces by applying the load through flush-fitting

I plates. Owing to the tendency of the specimen to expand laterally under the
longitudinal compressive load, frictional forces set up between the specimen

and the e-ad plates destroy the uniformity of the stresses in the region of thef end of the specimen. Hence, the fracture strengths obtained from such

stressed specimens must be treated with reservation.

Analysis shows that quite a complex stress system exists in the ends

of such a Specimen and that the resulting. stresmes tend to strengthen a cone-

shaped region, the base of which is the base of the specimen. As a conse-

quene of the frictional forces on the ends of prismatic specinmens, a

singularity in the stress field develops along the edges of the specimens (see

Figure 19). This singularity arises because the shear stress, Tzx, at A

along the prismatic elenment must be zero, while the shear stress, Txz, at A

-may have a large finite value; hence, the fundamental criterion that the shear
stresses T zx and TxZ be equal at all points in the body is not satisiied at the

corner, A. The result is the conical region of severe destruction show-u in
Figure 19. The elements of this region make a characteristic angle a with

the base of the specimen.

The Figure 20 shows a fractured compression specimen of Hydrostone.

The conical region at th- end of the specimen and the heterogeneous nature

of the fracture in this region are revealed strikingly. The angle a has been

I ....,'.
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found to depe id upon the rnaterial, the presence or lack of antifriction mate-

riais, and the ratio of the length to tVe diameter of the specimen(24).

a Seibef(o5) proposed the use of conically shaped compression plates in
an effort to obtain a more uniform stress distribution in the body of a cylindri-

cal specimen. He proposed Ohat. the generatrices of the cones be machined

with an angle equal to the angle of friction. Tb'? problern, of course, 's to
determine this angle. Some question of --he constancy of this angle of friction

during the test also arises.

It is of significance that, at the present time, 29 years after Siebel' s

work, there is still no known test from which the fracture strength of a uni-

formly stressed, compression specimea can be obtained. Wivh the methods

and technique.4 presently available, it is impopsible to determine the true
fracture strength of a prismatic specimen, yet no other satisfactory specimen
design has been advanced.

Nadai(24) has reported the results of experiments by Lambert and

Manjoine on the compression strengths of various hollow cylinders of porce-

lain, as shown in Figure 21. These specimens of porcelain exhibited dif-

fcrent fracture strength~s, and the variation in strength from one specimen to

another was apparently a function of the shape of the specimen and af the end

conditions. Somre. of the rerults reported by Nadai appear in Table 21. It.

can be seen from these results that the shape of a compression specimen

greatly influences the compression strength of a particular brittle material.

As a consequence of various factors, the experimenter may find that a mate-

rial does not exhibit a consistent compression strength, and he probably will

continue to observe this until a technique is devised which will eliminate the

effect of end friction and permit uniform compressive stressing of a body.

Bend Tests on Porcelain

As a part of the effort to determine the effect of stress state on

fracture phenomena, a series of bend tests were initiated oi. specimens of

high-alumina por-celain'supplied by.Champion Spark Plug Company. The ob-

jective of these tests was to determine tie elastic anna fracture properties of

this porcelain. The specimens were of the design shown in Figure 9 of A7

Technical Report 651?, dated April, 1951. Tests were conducted using the
pro,.edures outlined in the above report for the testing of these specimens. ]

Elastic data were obtained from both top and bottom surfaces, along

with the fracture strength.

In these tests, SR-4 strain gages mounted on the top and bottom sur-

faces of the gage secticý, were used to determine the longitudinal and trans-

verse Jtrains in tension and compression. These strain data were corrected

using Equations (20) and (21) of Appen ix I. Bending stresses were
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(a) (bi (C)
- I

32 432-1.
- It. 

-

FIGURE 21. PORCELAIN COMPRESSION SPECIMENS

TABLE 21. STRENGTH IN AXIAL COMPRESSION OF
1LHOLLOW PORCELAIN CYLINDERS

Compression
Figure Strength,Shape 21 psi

Cenentd ends 
64,600Reinforced shoulders b 50, ZOOStraight hollow cylinder c 56, 300Cylinder with curved d I., 000(a)

outside surface 
66, 0 0 0 (b)Cylinder with curved 

6 130, 0 0 0 (a)outside surface
Straight solid cylinder 173, 000(b)

S(d-l1 in., h1 .3 in.) with
plane ground ends

I (a Highest S~resa.
(b) Average stress.

iV
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calculated from the usual equation for maxinium bending stress, Ob:

"Mc
"Cb - ' (17).

where M = applied bending moment,

i = mormnct of inCrtiL of cross section,

c = half of the depth of cross section.

2 The value of Poisson' s ratio in tension, 1't 'was obtained from the
slope, Et, of the plot of C1 versus the lorngitudinal strain in tension, F-t)

and from the slope, Qt, of the plot of ob versus the transverse strain in

tension, EZt as

(18

The value of Poisson' s ratio in compression, Vc, was obtained from the

slope, E., of the plot Of Cl versus the longitudinal strain in compression,
E.lc, and from the slope, Qc, of the plot of Cb versus the transverse strain in

compression, C2c, as

V ~ (19)
- Q|

The data obtained from these initial tests on porcelain are given in

Table 22. The strengths of these specimens are reported in Table 22 as the
bending stress, 0 b, at fracture. These data, like data obtained earlier on

similar specimens of Hydrostone plaster (see AF Technical Report 52-67,
pp 55-58), indicate a difference between the moduli obtained fron the top and
the bottom surfaces. This effect is, of course, contrary to expectation.

,i There is some question at the present as to the source of this discrepancy;
however, ihe work conducted during the past year h.,s ledto the proposition

that frictional forces arising at the load and support points cause this in-
equality. The values of Poisson' s ratio obtained were subject to the same
variance as the moduli, and this variation was assumed to arise from the

same source.

When the data in 'Fable 22 were combined with data obtained previously,
and reported in AV Technical Report 52-67, the average properties were

9 obtained as given on page 30.
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Mean Standard I)eviation

Modulus of elasticity Al.6 • 1. 1 2.2

(tension), 106 psi

Modulus of elasticit' 42. 5 + 1. 5 2-.7

(compression), 10 psi

Strength, psi 33, 600 800 2500

rKese data will be combined with size-effect and stress-state data to
be obtained on porcelain in future phases of this investigation.

T:E EFFECT OF STRAIN RATE ON THE MECHANICAL
PROPERTIES OF BRITTLE MATERIALS

The rate at which a body is strained appears to have a distinct effect

on its fracture strength. The effect of the rate of straining on the mechanm.al
properties of metals, for example, has beer, the subjcct of many investigations.

Gei.-rally, in the case of metals, the effect of increased strain rates is to in-

crease the yield and ultimate strengths. On the other hand, relatively little

is known about the effect of the rate of straining on the fracture of brittle

materi&l-.

In the case of brittle materials, the terms "ratc of straining" and "rate

of stressing" frequently are used synonomously, since these materials may

behave elastically to fracture. In general, an increase in the rate of strain-
i ing or stressing a brittle, mat( rial h,-s been found to increase its fracture

strength. For example, Nadai(26) has reported the results of a series of

tests on the effect of strain rate on the fracture stress of porcelain tension
specimens. The results of these tests are given in Figure 22, where the

fracture stresses of the porcelain specimens are plotted against the strain
rate (on a logarithmic scale). These results re,/cal that the stress to cause

fractu~re in this porcelain appeared to increase with increasing rates of strain-

"ing. In regard to these tests, Nadai states: "From these tests it must be

concluded that a brittle material under ordinary conditions when tested in air
does not possess a definite tensile strength but that the latter continuously
decreases with the time during which a load can act". Watstein (27)conducted

compression tests on concrete cylinders at rates of itraining ranging from

10-6 to 10 inches/inch/second. The compressive strength of the concrete

was observed to increase about 8O per cent as the strain rate was increased

froin 0. 003 to 10 inches/inch/second. Watsiein also indicated that the entire

stress-strain curve for concrete was affected by the rate of stressing.

Other researchers(2 8 to 34) have noted that the duration of the applied

stresc3 appears to affect the fracture of brittle materials. This effect has

A

"41
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been observed particularly in the cases of glass' and porcelain. However, in
these tests the appl;.Cd stress was constant and not varying with time; in short,
"these materia-ls appeared to fa~tigue with time. It is i rtpo tLatit t-) poin.t out

that it may be impossible to separate thie latter 1-ffec t of stress duration (time).

from the fo ner effect of rate of stressing or straining. Jt cannot be said

that these two effects are one and the same phenomenot, but it must be pointed
out that the two effects appear to be interrelated. In fact, it mighQ be that the

duration of stress is the only factor that affects fracture strength, and that

the effect illustrated in. Figure j 2 for porcelain actually epresents the effect
of durat on of stress on strength. That the existing knowledge on the effect
of strain rate on the properties of brittle materials is meager is true; never--
theless, it can be stated that the rate at which a brittle material is strained
significantly affects its fracture characteristics.

.Strain-Rate Tests on Plaster

of A program was set up during this period to study the effect of the rate
of stressing or straining on the fracture strength of Ilydrostone plaster. The
Sninial phases of this program were qualitative in nature in that their only,

*1 purpose was to determine the existence of such an effect. As a result, it was
decided to test the No. 1 tension spe'7imen, the No. 5 bend specimen, and, the
No. 5 torsion specimr.n at various strain rates and to note the effect, if any,.
on their fracture strengths. The iesults of these initial. tests are reported

below.

Tension Tests

The No. 1-size alternate tension specimen was selected to study the

effect of strain rate on the strength of plaster in tension. The casting and

curing procedures for these specirnens were the same as tho-e for the size-
effect specimens. Strain gages were used on almost all of these specimens.

The same procedure was used in aligning .hese specimens as was used
in the size-effect tests on the No. 1 tension specimen. The strain rates were
measured by means of strain gages. After the gages had been prest.rained,

an initial load was applied to the specimen. Then the Baldwin strain indicators
were balanced and the strains recorded. Without changing the setting on one
indicator, the setting on the other was increased 100 rnicroinches per inch.

The loading rate of the testing machine was adjusted then to give the desired
strain rate (lapsed time for 100 ricroinches per inch). The specimen was
then strained to fracture using this loading rate.

The data from these tests were calculated in the same manner as the
data irum the size-effect tension tests.

-1 7

-~ ~~~~~~~~~ °-: ,-- -•° -.- ,. "","• --:----..,, ->:- -.. --.. .... , -.. -- * .. -- ,....,- - ----- ---- _



I -81- WADC TR 53-50

Table 23 and Table 24 give the results of the few initial tests conducted
on the No. I tension sFecimc-n. It is important t-) note that these data were
obtained fr;h,- specimens with gages cemented to their surfaces. It was noted
in the size-effect tests that gages appeared to strengthen a specime.n, so ad-
ditional tests must be conducted on gage-free specimens before any valid
quantitative results can be obtained. However. a comparison of the results in
TatAes 23 and 24 with the. size-effect data in Table 3 leads to the following:

Strain Rate, in./in. /min Fracture Srress, psi Number of Specimens

0.00074 1350 12

0.0027 1280* 21

0.0060 1235 12.

"From specimens with gages.

The above comparison raises an important question: "Can the effects
of strain rate be different for different brittle materials, or are these data
niisleadiiig? " The work reported by Nadai on porcelain was condiicted over

a much wider range of strain rates. It may be possible then that the rates
used here were sufficiently narrow to perinit normal statistical scatter in
test data to overshadow the true effect of strain rate. Additional data should
be obtained if this question is to be resolved.

Bend Tests

The No. 5-size alternate bend specimen was chosen for the study of
the effect of strain rate on the strength of plaster in bending. The procedures

used in casting and cur'ng the bend specimens for the strain-rate tests were
tle same as those used for the size-effect specimens. As in the case of the

strain-rate tests in tension, strain gages were used to measure the strain
rates. Usually, only one strain gage we.- cemented to a bend specimen;
this gage was placed on the tension surface.

'The same procedure was used in aligning, prestraining, and loading

these specimens as was used in the size--effect bend tests. The proper load-
ing rate was determined by adjusting the head rate of the machine to obtain f
the desired strain rate from the, strain gage.

Table Z- gives the results of these initial strain-rate tests on Hydra-

stone platster bend specimens. A comparison of these data with the data ob-
tained from the'size-effect tests on the No. 5 bend specimens leads to the
following:

F Y
-, - i~- . ~ .t-. -- r"††††††††††††††.--- '
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Str;in Ratrc in. /in. /m1 it.) nd Strength, psi Number of Specimens

0. 00075 1260 14

0. 'c27 1250 42. Z

These data indicate thttt, in bending, the fracture strength of plaster

may be pi-actically unaffected by strain rate within tVe range investigated. It

is interesting that tht-se data indlcated a very slight decrease in strength with
increased strain rate; however, more data at these rates and at other rates I
are necessary before any definit- statements can be made as to the effect of I
strain' rate on the bending strength of plaster.

Torsion Tests

The No. 5 size torsion specimen was chosen for the strair-rate pro-

• = gram because it was lare enotgh to permit the uae of strain gages for

measuring strain rate. The procedures for casting, c.uring, and testing

these specimens were the same as those for the size-effect tests on Lhe No. 5

torsion specimen. In these strain-rate tests, however, it was possible to

maintain a constant strain rate from specimen to specimen. Hence, only one

Sspecimen was needed to determine the twist rate required to give the- desired

principal strain rate,

Table 26 gives the results of the initial strain-rate tests on the No. 5

torsion specimen, conducted at a strain rate of approximately 0.0024 inch/

inch/minute. If these data are compared with the strengths of those specimens

tested at a strain rate of 0. 0027 i ich/inch/minute, the following data result:

Strain Rate, in. in./min Torsion Strength, api Number of Specimens

0.0024 1135 12

0.0027 1115 37

These data appear to indicate that strain rate had no significant effect on

fracture stress for the range of rates investigated. However; this range was

relatively quite narrow and, if an effect of strain rate were present, it could

be discerned more easily by testing at more widely separated strain rates.

S~i

1"

- * .-4• -" • . . r • :• :. . ' • "" • . . 7 • .. • .. • . .; .. .. .. ...:. , •.., :- r-' '.• ," :" ... .,. .:-, ,- ,:v -. •: .q: ' •.... , "" ' : * ,:. .. "'



WADC TR 53-50

TABLE 23. STRAIN-RATE DATA FROM SMALL, NO. I-SIZE
PLASTER TENSION SPECIMENS

Specimen Strain-Rate, Tension Strength,
No. in. /in, /minps

HIOTR-1 0. C0075 1095

I HIOTR-3 0.00072 1350

H1OTR-4 0. 0007Z 1375

HIOTR-5 0.00073 1360

H1OTR-6 0.00071 1270

H10TR-9 0.00075 1655

H10TR-10 ".00075 1490

HIOTR-11 0.00075 1370

t110TR-15 0.00075 1380

H1OTR-16 0.00075 1380

H1OTR-18 0.00075 1270

H10TR-19 0.00075 1195

Mean Value 0.00074 1350 ± 75

Standard Deviation - 140

I -, zI.•

,I
-",--.
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TABLE 24. STRAIN-RATE DATA FROM SMALL, NO. I-SIZE

PLASTER TENSION SPECIMENS

Specimen Strain-Rate, Tension Strength,
No.. in./in./min• psi E

1HIOTR-23 0.0060 1100
1110TR-27 u. 0060 !1240
HIOTR'-36 0.0060 970
HIOTR-.39 0. 0060 11I70

H110TR-46 0. 0060 1125 .

HIOTR-47 0.0060 1245
H1OTR-49 0.0060 1150
HIOTR-50 0.0060 1030
HIOTR-52 0.0060 1390

HI1OTR-53 0. 0060 1410 4
H10TR-54 0.0060 1405
H10TR-55 0.0060 1575

Mean Value 0. 0060 1235 ± 95

Standard Deviation 180 -

I

- 'Ir
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TABLE 25. STRAIN-RAT." DATA FROM LARGE, NO. 5.SIZE

PLASTER BEND SPECIMENS

Specimen Strain-Rate Bend Strength,
N No. iT./in./rnin psi

..H50BR-2 0.00075 1215

H50BR-3 0, 00075 1045

'H50BR-5 0.00075 1660

"H50BR-10 0.00078 1495

-- 50B3R-11 - 0.00075 1035

- nu BR- Z 0.00072 1215

H50BR-13 0.00063 1235

H50BR-14 0.00077 1155

H50BR- 15 0 00082 1255

J H50BR-18 0. 000-5 1395

H50BR-20 0.00075 1495

, H50BR-21 0.00075 1135

H50BR-Z4 0.00075 990

H50BR- 25 0.00075 1315

Mean 0.00075 1263 0 95

Standard Deviation- 1954,

I,
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TABLE 26. STRAIN-RATE DATA FROM LARGE, NO. 5-SIZE
PLASTER TORSION SPECIMENS

Specimen Strain-Rate Torsion Strength,

No. in./in. /mrin psi

H50SR-7 0.0024 1050
H50SR-8 0.0024 1180
H50SR-10 0.0024 815
HSOSR-11 0.0024 1000 5
H50SR-13 0..0024 1305
1150SR-14 0.0024 1125
1150SR-15 0.0024 1025
H50SR-16B 0.0024 1065
H5OSR-18 0.0024 1390
H50SR-21 0.0024 1400 1:
H50SR-2; 0.0024 980
• H50SR-25 0.0024 1295

Mean, 0.0024 1135 ±• 100

Standard Deviatio -180

11

-- i ..
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I EEFFECT OF TEMPERATURE ON MECHANICAL PROPERTIES

1.:•

A study of the strength of brittle materials cannot be considered ccm-
plete without consideration of the effects of temperature. It has long been
known, for example, that the absolute temperature of a metallic body atfec'ts
its strength. This is quite obvious when it is realized that metals all become
fluid if subjected to suff:ciently high temperatures. By definition, a fluid
cannot withstand shear stresses znd will flow read:ly if subjected to shear
stresses. This observation can be extended to all brittle materials, metallic
or otherwise.

Why, then, does a material which fractures with practically no prior

deformat'or, at so-called room temperatures behave as a fluid at some ele-
vated temperature? In answering this question, many scientists have pro-

* posed that it is more correct to speak, rot of brittle materials, but of the
"brittle states" of these materials. They infer that a material may be
termed "brittle" when it exists in such a state that it will fracture before it

* will flow under the action of shear stresses. Then a transition in the effect
of shear stresses must occu7-. suddenly or gradually, as the temperature of

* the body approaches the melting point.

In general, the strengths of metals have been observed to tend to in-
Screase with decreasing temperature. In addition, it has been rioted that

the entire stress-strain curve of a material tends to change with tempera-
ture.(35-38) None of the phenomenological or mechanistic theories men-
tioned in this report take into consideration the effects of temperature on
strength. Bec~ause of the "softening" of materials with temperature, these

1** effects will be quite complex.

E!evated-Temyerature Torsion Tests on Titanium Carbide KI51A

During the period of this report, test: ,.cre initiated at 1300 F on
* titanium carbide KI51A torsion -specimens of the same lot as those reported

S'in Table 7 of WADG Technical Report No. 5Z-67. The purpose of these
tests was primarily to establish the methods for torsion testing brittle ma-
.erials at elevated temperatures.

In testing these specimens, temperature measurements were taken at

four points along the gage length in order to determine the temperature
* distribution in this region. Four platinum-platinum-rhodium thermocouples

were mounted along the gage length at points about 5/8 inch apart, directly
S-in contact with the s pkzci~men surface.

In these tests, only the 3tress at fracture was measured; no strain
measurements were taken. The applied moments were determined by means
of a torsion dynamoineter rnouitt-d at the fixed end of the torsion machine.
This dynamometer consisted of a 1-3/4-inch-diameter steel shaft, onto

J
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vwhich SIt-' strain ga-es had becen cemented. The strain of the SR-4 gages

was calibrted against the applied moment.

The specimens were mounted between tor-iri heads or adapters of

"the type shown in Figure 6 of AF Technical Report No. 6512. However, the

heads used in these eievatcd-temperature tests .had cooling coils wrapped

around their bases. The entire assembly of specimen, thermocouples, and

torsion heads was placed in a horizontal-tube,, wire-wound furnace.

T~he specimryics were heated~to th~e test temperature and all,.;ed to soak
at temperature for two hours. After soaking, the temperature distribution

along the specimen was determined; In the specimens tested during -this

period. it maximum temperature variation of 30 F was noted. This variation

Salose f ror the cooling of the torsion heads. The temperature was found to

decrease from the center of the specimen outward.

After the temperature distribution had been measured, the specimen

was twisted to fracture. This was carried out at a predetermined rate of

0. 0427 radian per minute, which corresponded to a principal strain rate of

0. 0027 inch/inch/minute. The temperature in the center of the specimen

and the tors~ion-dynamometer strain at fracture were recorded. In addition,-

the atmospheric pressure and the dry-bulb and wet-bulb temperatures were

measured in the vicinity of the specimen. These tests were conducted in air.

The results of the t-ýsts on the four titanium carbide K5l1A specimens.
are given below:

Specisrsen No. Test Temp, F Strength, psi

4-1 1300 59,000

2-5 1300 55, 000*

2-12 1290 58,000*

2-13 1300 41,300*

"A sumall flaw was found in the fracture surface.

The strengths of these specimens were considerably below the average

strength, 97, 800 psi, reported for specimens of this lot tested at room

- - temperatutre (see Table 7, WADC Technical Report No. 52-67). When these

data are compared qualitatively with modulus-of-ru ture data obtained by

the'Nationalr Advisory Committee for Aeronautics(3 the two sets of data

are found to be in relative agreement. These results serve to verify the

statement made earlier that K151A is not a profitable material for investi-

gation due to its tendency to contain objectionable flaws. Nevertheless,

these data ,serve to substantiate the observation that temperat'are affects the

strength of ceramic materials.

4*i-- I.
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Ti "YES TLNG METHODS

Size-Effect Compression Tests

.•The quantities desired from the size-effect compression tests on

"T• • plaster were Young's modulus, Poisson's ratio, and the compression
"strc-igth. Alowever, the values of cornpressi.-n strength observed were
felt to be of doubtful val'dity because of end effects, as described earlier in
this report.

In the measurement of elastic properties, the considerable size dif-
ferenci between the No. I size and the No. 5 size made it necessary to
use different si7.es of gage. Different types of gages were employed in an
effort to cover relatively the same amount of surface area, The No. I-J• size specimen was too small to mount the four gages necessary for the
simultaneous measurement of Young' s modulus and Poisson' s ratio. As a
consequence, Young' s modulus was obtained from two of the small speci-

.I mens in each batch and Poisson' s ratio was obtained from the remaining
small specimen.

"In the preparation of the two No, I specimens used in modulus deter-
minations, three A-7 type SR-4 strain gages were cemented at 120-degree
intervals to the cylindrical surface of each specimen. These three gages
were used to secure axial alignment in the test. Only two A-7-ty,-e gages
were cemented to each of the small specimens used for Poisson' s-
ratio measurements. These two gages were mounted on the same vertical.
element of the specimen, one above the other, but with their axes per-
pendicular.

In the preparation of the large, No. 5-size specimens, it was pos-
aible to measure Young' s modulus and Poisson' s ratio simultaneoualy on
the same specinmen. Three A-5-type strain gages were cemented to the
specimen at 120-degree intervals and a fourth "transverse" gage was
"mounted perpendicular to one of the three "longitudinal" g.iges. The
mounting of the transverse gage can be seen in Figure 20.

After the strain gages had been cemented to all of the specimens of a
batch, the ertire batch was returned to the curing oven and kept there
until about 12 hours prior to testing. At that time, the entire batch was
taken from the over. and placed on the bed of the testing machine. This
procedure was used in an effort to permit the specimen to adjust to the
surrounding atmospheric conditions before testing.

In testing the two sizes, 3 thicknesses of paper were placed between
the specimen and each of the hardened-steel ccmrnpression pads. The speci-

men was loaded to just above the maximum load to be used in 'ietermining

..
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the moduliz of elasticity. The load was removed and the cycle repeated

* three times for the purpose of prestraining the. SR-4 strain gages. (15).

Then the specimen was aligned and loaded in increments to a stress
"L ~level of about 1500 psi, reading each strain gage at each load level. h

loadi~ng was continued above 1500 psi in 2000-psi increments until fracture.

-.The loading d-ring these litter increments was carried out at a calcuilated
strain rate of ahout 0. 0045 inch/inch/minute. In the loading of the smnall,

No. I-size specirnens used for obtaining Poisson' s ratio, the alignment

" could not be checked accarately, since only one longitudinal gage was used.

In this case, the loading was adjusted to produce the same indicated strain

in the longitudinal gage as had been obtained previously in those No. 1
specimenn7 with three gages. Alignment was a less serious problem in the

case of Poisson' s ratio specimens in that superposed bending should have
a negligible effect on the ratio of two strains from gages on the same

vertical element.

Along with the various values of 'load and strain, the room-

temperature (c.-y-bulb) and the wet-bulb temperature. in the i.icinity of the
specimen w".re recorded during each test. The barometric pressure also

was recorded.

Size-Effect Tension Tests

The -)rocedure for conducting tension tests on the No. !-size teiision

specimen was similar to that for testing the Hydrostone size-effect corn-

Spression specimens. After a No. I tension specimen had been in the curing
oven for I0 to 12 days, it was removed, 'if necessary, for mounting SR-4

strain gages, Since cnly one tension specimen could be cast from each batch

of plaster, the specir, ens could be removed from the oven individually.

Two SR-4, Type A-7, gages were used on each specimen from which

modulus of elasticity data were desired. These two gages were cemented

to opposite fiides of the gage section. In the case er those No. I specimens

'.from which Poisson' s-ratio data were desired, Poisson's ratio was meas-

ured using small, Type A-19, SR-4 strain gages. Two A-19 gages were

cemented transversely below two A-7 gages cemented longitudinally to the

gage section. Even with the use of these small A-19 gages (1/16-inch gage

A .length), a portion of the lead section of each A-19 gage could not be

cemented to the specimen. The lead end of the gage extended beyond the
edge of the specimen.

Before usiing these gages, it was necessary to determine whether this

unique mounting changed their gage factor. To do this, two A-19 gages of

the same lot were mounted on the tension surface of a large No. 5-size

bend specimen (see Figure 7). Both of these gages were mounted trans-

verse to the principal tensile strain. One gage was mounted exactly as the
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transverse gages on the tension specimen, that is, with part of the gage
hanging freely over the edge. The second gage was mounted alongside the
first, but it was turned 180 degrees, so that the entire gage could be
cemented to the specimen. The specimen was loaded and the strain
measured on three differert Baldwin strain indicators. Five elastic runs
were made with each combination of indicators. The strains fro-i the two
"gages were found to agree within 1 per cent, indicating that the gage factor
was not changed by cementing only the active part of' the gage to a s,?ecimen.

In the case of the No. 4 tension specimen, Ty pe A-5 gages were

used for measuring stn.-; oise• the treatment of No. I and No. 4
tension specirmens was identical.

In conducting the tension test on the No. l-size specimen, the speci-
men was placed. in the testing machine (Baldwin Southwark 60, 000-pound-
capacity Universal Testing Machine) and aligned. An initial load of.15
pounds was used to maintain alignment.

The No. I specimen (if it had strain gages on it) was loaded then to
slightly above 40 pounds (650 psi) and unloaded to 15 pounds. This cycle

,7 was repeated three time.' to prestrain the gages before making a recording
run. Then the load was applied at a slow continuous rate and the strains
recorded. The load was then lowered to abý,ut 30 pounds and rcapplied at a
calculated strain rate of about 0. 0045 inch/inch/minute until the specimen
fractured.

" 7-Size-Effect Bend Tests

A strict procedure was employed in the testing of these bend speci-
mens. After a large, No. 5-size specimen had been in' the curing oven for
10 to 12 days, it was removed and SR-4 strain gages mounted on it. A
total of four strain gages. was mounted on each specimen, two gages on
each of the top and bottom suifaces of the gage section. One of each pair

J i of gages (longitudinal gage) was mounted parallel to the long axis of the
specimen, and the ether gage (transverse! gage) was mounted perpendicular
to the axis. The longitudinal gages measured the major tensile and corn-
pressive strains, while the transverse gages measured transverse strains.

In testing the No. 5 bend specimen, the specimen was placed in the
bend jig (see "Bend Test Loading Apparatus") and loaded to slightly above
the maximum load used in elastic determinations. The specimen was un-
loaded and the cycle repeated three times for the purpose of prestrain-'.g
the gages. Then the spec.rmen was loaded at a slow continuous rate to ap-
proximately 550 psi and the strain recorded at regular intervals. At least
three of these runs for recording elastic data were made on each No. 5
specimen. Following the last of these runs, the ,pecimen was loaded at a
strain rate of 0. 0027 inch/inch/minute (predetermined from tests on trial
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specimens). The load and the maxiinurr, tensile strain at fracture were
recorded.

A slightly different procedure was followed in the preparation and
testing of the No. 1-size bend specimen. hue to the extiemnely sr-.all size
of th gage section of this specimen, it was impossible to mount both a
longitudinal and a transverse gage on each surface of the -age section.
There was room only for the longitudinal gages. As a result, Poisson' a
ratio was not obtained from the tests on the No. i-size bend specimen.

Prior to testing the No. 1 specimen of plaster, a steel specimen of
similar size was placed in the No. 1 bend jig. (This jig is shown'-Ii Figure
23 and discussed in detail later in this report.) The jig was cycled four
times t6 a load considerably above'the aniticipated fracture load of the
plaster specimens in order to stabilize the dynamometer system of the jig.
Then the steel specimen was replaced with a plaster specimen, the elastic
data obtained, and the specimen loanded to fracture at a strain rate of.
0. 0027 inch/inch/-ninute (prcder,,zinid by tests on Lrial specimens). The
dynamometer !oad and the machine load (as a check) were recorded at
fracture, along with the fracture strains.

The dry-bulb and wet-bulb temperatures and the atmospheric pres-
sure in the vicinity of tlet specimen were recorded during each bend test.

Size-Effect Torsion Tests

A special loading machine was used for loading the torsion specimens.

This lathe-like machine permitted the application of a torsional moment
to the size-effect specimens (see Figure 7, AF Technical Report No. 65i2).
This machine was described in the RAND Report R-209, dated August 31,
1950, on "Mecharical Properties of Ceramic Bod~.s".

The torsional moment was applied to the plaster size-effect torsion
specimens by means of special torsion heads or grips. One of these heads
served as a torsion dynamometer for measuring the torque applied to the
specimen. A special set of heads was designed and constructed for the
No. I- and the No. 5-size torsion specimens.. The operation and calibration
of these torsion heads and dynamometers is described in detail later in this
report.

The strain gages on each dynamometer were prestrained prior to
testing to insure proper operat~on. Then the No. I or No. 5 torsion speci-
men was placed in the torsion heads, which had been fastened to tl e moving
and fixed heads of the torsion machine. In those tests in which no elastic
r'ata were obtained, the specimen was twisted imrnmediately to fracture at a
rate of 0. 127 radian per minute.

>I
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The twist rate, 0. 127 radian per minute, was determined from

experiments on tr.ai No. b-size specimens. On these specimens,i a strain
gage was placed on the gage section at an angle of 45 degrees to the axis.

"* Hence, when the speciimen was twisted, the strain gage was in a position to
measure the principal tensile Strain in the specimen. Then the external
tvxast rate was adju-sted to give a principal sLrain rate of 0. 00Z7 inch/inch!.

, minute. This was the principal strain rate used in all the other size-effect
tests on plaster except the compre ssion tests.

This same t'wist rate, 0. 127 radian per minute, was used in testing
both the No. 5-size and the No. l-size torsion specimens. Since it was
impossible to cement strain gages to the No. 1-size specimen, it was as-
sumed that the principles of similitude held. By these principles, both the
No. 1- and the No. 5-sze specimens should have the same twist rates for
any given principal strain rate.

As pointed out carlier, elastic data were obtained from the large,
No. 5-size specimens only. These data consisted of determinations of the
1 modulus of rigidity of these specimens.

Prior to testing, the No. 5-size specimens were removed from the
curing oven and allowed to cool. Two small silverec6 mirrors were
"cemented to the gage section of the specimen 5 inches apart. (Figure 6 of
"AF 'lechnical Report No. 6512 shows two such mirrors mounted in a
similar manner on a titanium carbide specimen.) Then the specimens
were returned to the dryer.

In the test, each specimen was placed "-i the torsion heads with the

plane of the mirrors vertical. Then a higa-itensity light source was
placed in front of the mirrors. This light source was enclosed in a light-
proof box equipped with a camera shutter and a lens system. A film holder

. containing a piece of 8 x 11-inch film was placed in such a position that the
reflected images (one from each mirror) of the light source would fall on
the fi~rn if the shutter was open.

At this point, the torsion dynamometer was loosened from the fixed
head so that the specimen coulc! be turned by the driving head without
applying torque to the specimen. Then the vertical movement of each of
the reflected images on the film was calibrated against a known rotation of
the mirrors. The ca.librations and the torsion tests for elastic data were
carried out in a room that was ho oof ,o that it was essentially a
darkroom. In this way, the positions of the reflected images of the mirrors
could be photogra, ':ed.

At the beginning of the tozsion test, the driving head was turned
* . manually until the strain indicator on the torsion dynamometer indicated

that torque had begun to be applied. The lights in the room were turned
3off and the image positions photographed. The driving head was turned
then until a predetermined increment of torque had been applied. The

1



4I

WADC TR 53-50 -94-

shutter was tripped again and the proces,. repeated through seven incren, ents. r
This entire process was repeated four time; Wo give four elastic determi.-
nations.• After the final runi, the specimen was twisted to fracture at the
desired strain rate. The torsior.aI moments were measured in the same i"
manner as in the testing of the other large torsion specimens. I

Upon completion of the test, the film was developed and. the. distances
between the pinpoint images were mrasured wi'h an optical ccmparator.
The difference in movement of the images of the two mirrors was converted

Lk t , trrliunal sirain. The Modujus of ri•,idaLy was determined as the slope

of the curve of shear stress versus shear strain.

- The dynamometer reading was recorded at the instant of fracture in
all tests on the No. 1- and No. 5- size torsion specimens of plaster. The .1
torsional moment at fracture was determined from a calibration of the
dynamometers. The dry-buib and wet-bulb temperatures and the atmos-
pheric pressure in the vIcinity of the specimen were r ecgrded during each
test.

Combined-Stress Tests

After a biaxial specimen had been cured for. 12 days, it was removed
from the curing oven and SR-4 strain gages were mounted on the' outside
surface of the gage section. Six strain gages were mounted on each speci-
men, three in the direction of the axis of the cylinder and three transverse
to the axis. The gages were mounted in pairs, one axial gage and one
transverse gage, at 120-degree int!ervals around the circumference of the [
gage section. The orientation of these gages is illustrated in Figure 17.-

After the strain gages had been cemented to a specimen, it was returned to
the drying oven and kept there until about 12 hours prior to testing. At
at to thmei wasplaed amon phe cdtions bfe teso tha it would

adjust to the -wcrrounding atmospheric conditions before testingm t o I t
The first step in the testing was to determine the elastic constants,

the modulus of elasticity anci Poisson' S ratio. To do this, the specimen U
was placed in a Baldwin-Southwark Universal Testing Machine and loaded

axially in tension through the tension adapters of the specimen by means of
tension grips made up of chain links. These chain-link adapieis, one end
of which fastened to the head of the machine, helped to maintairt axiality of
loading. The specimen was loaded to just above the mnaxi-num load to be
used in the elastic determinations. Then the load was removed and the
complete cycle repeated three times. This process was carried out for the
purpose of-prestraining the stra-.n gages. - B'

Following the third prestraining cycle, the specimen was loaded at a
continuous rate to a stress of about 300 psi. Readings were taken on all
three axial gages and on on-. transverse gage. Then the load was removed
and the loading cycle repeated. at least three times, so that four loading
cycles were available for elastic determinations. :
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Following the last elastic run,. the specimen was removed an] attached
to the pres•sure-lcading system (see Figure 30). * Etich strain gape was con-
nected to a separate strain indicator to permit the simultaneous reading of
all six strain gages at fracture. At this point, the specimen %kas loaded at
a o-ntinumis rate to an internal pressure of 100 psi, the pressure remoed,
and then the entire cycle repeated three times to prestr-in the SR.-4 gages.
Then the specimen was loaded at a slow continuous-pressure rate and
strain readnigs were taken simultaneously every 10 psi. At the same time,
the pressure was measured by means of strain gages on the Bourdon tube
of the 0-300 p,'essu re gage. After reaching a press 'ire of 100 psi, the
pressure was released and the complete cycle repeated at least three times.
At the end of the last cycle, the pressure in the specimen was increased to
100 psi and the loading valve closed. The accumulator was pumped to 300
psi. Then the loading valve was opened to a predetermined and precalibrated
setting to give a pressure rate of about 1100 psi per minute. This pressure
rate was calculated from a desired principal strain rate of . 0.027 inch/inch/
minute. the strain rate used in the size-effect tests on Hydrostone plaster.
As the pressare increased, the strain rate on one of the transverse strain
gages was measured. A.4l the strains and pressures were measured at tCe
instant of fracture. In addition, the dry-bulb and wet-bulb temperatures
and the atmospneric pressure in the vicinity of the specimen w,:re recorded
during each test.

In the case of specimens fractured under tension loading, only three
* longitudinal and one transverse gag-s were used. These specimens were

fractured following the last elastic determination, by loading in tension to
fracture at a measured strain rate of 0. 0027 inch/inch/minute. This strain
rate was obtained by trial measurements on each specimen immediately
prior to testing.

4
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DEVELOPMENT OF TEST EQUIPMENT

One of the secondary objectives of this investigation has been the
development of precise techniiques for the procurernenta of fracture data.
During the period of this report, considerable effort wao directed toward
the development of proper test apparatus.. [ j

Bend-Test Loadinl2 Appratus

The effort made during this period to obtain more precise bend data
was described earlier in this 'report. During past periods of research, a

great deal of difficulty was experienced in obtaining precise bend data.

The alternate bend-test specimen developed during this period for the size-
effect program was apar.tial solution to the problem of extraneous friction

force-.

A loading apparatus similar to that described by Frocht(40) wa:s

designed for the loading of each size of this specimen. By virtue of its

design,' this type of loading apparatus eliminated practically all the

frictional forces at the points of loading. The specific jig uLed for loading I
the smallest, No. 1-size alternate bend-teat specimers of Hydrostone is

shown in Figure Z3. With this apparatus, the load was applied through wire
cables which were attached by adapters to the heads of the testing machine.

The use; of wire cables helped to assure axiality of leading. The links of

this jig were free to rotate tunder the application of load. Strain gages.

cemented to the bottom horizontal bar were employeA' as a dynamometer
system for tne measurement of load. Such a system was necessary since

the load dial of the testing machine was not sufficiently sensitive to record g
fracture loads with the accuiracy desired.

The jig for loadLng the largest, No. 5-size alternate bend specimen
was similar to the one used for loading the No. -1iize specimen. As in the

case of the small jig, the load was applied through wire cable-s. Strain gageri
were not used for measuring the load, since the loads were large enough to

obtain sufficient accuracy from the load dial of the testing machine. This
loading apparatus was altered slightly for the strain-rate tests on the No. 5 .

"bend specimens, by replacing the- wire cables with ch'ain-link adapters, so
that the anticipated higher loads could be obtained.

Loadin_• sterns for Size-Effect Torsion Specimens

In order to load the No. 1- and No. 5-size torsion specimens used in I
the size-effect program or. plaster, it was necessary to design torsional

"grips for twisting these bpecimens. These torsion grips or heads are
shown in Figure 24 and Figure 25. The flange of each head w.Ls designed to

S • . .. , -? ': •" ,:•- = " *, • .2'• : "r "-' -• " -• •• •- ""''2•°v ..... :"• . . ., , -• ...- • • - , -: - ) i•: :•- --37•" •I .... T-7 . . .. •
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fF.sten to the -novin-g or fixed heads of thw torsion machine. Each head w.as

machined with a sq'Jare recess into which the shoulder of the torsion speci-

men was fitted.

One torsio;i head .if canh pair _,as i-., iiac,,--d with a reduced or "'necked-
down" section. 1-oýur SR-4t strain' gag't.s were cenlented to this reduced
section with the axis of each gave at 45 dhegree:, to the "xis of the torsionhead. These gages w-'re oriented such that, ,.-.hen torque was applied to the

setonwthte x 5 fechggea 4reges ote wasb ofpthedtrinon eto.Fu R4Sri ae eecmn tot thtreu ed
head, two of the gages measured the principal tensile strain in the sharik and

the other two measured the princip.l compressive strain. The two pairs
of gages were connected to opposite armrs of a s'.rain indicator. The strain

from each dyn.amo.rneter was calibrated aga~nst a known torque. The dyna-

mometer for the No. I-size specimen is at the left in Figure24, and the
dynamometer for the No. 5-size specimen is at the right in Figure 25.

The torque at fracture for the No. 1- and No. 5-size specimens was I
determined from these dynamometers. .

Biaxial Test Specimen

A biaxial specimen was developed during this period in an effort to

extend the study of the effect of stress state cn fracture to more complex

and realistic states of stress. Essentially, this specimen, illustrated

schematically in Figure 26, was a thick-walled, hollow cylinder which

could be subjected simultaneously to an internal pressure and an axial
tension or compression. The hollow plaster specimen was formed by

casting about an internal assembly. The key part of this assembly was a

metal sleeve which acted as a form for the internal surface of the gage
section. This sleeve was made of a low-melting alloy which was melted

out of the specimen (with warm water) after the plaster shell had hardened.

In the internal assembly, the metal sleeve was held in place by
hemni spherical caps of brass. These caps were split so that; the rubber inter-
layer, a cylindrical tube of surgical rubber, could be fastened over the

. metal sleeve. In addition, these caps were constructed to permit the attach-

ment of tension-loading adapters. Figure Z7 shows an exploded view of

this internal assembly, including the tension adapters. It should be noted jF
that one end of the assembly has a central hole through which the metal
from the sleeve could be drained, and through which the hydraulic fluid wasU
admitted. In addition, one of the tension adapters acted as a pressure f
fitting. Figure 28 shows the exitic-e internal assembly. The final product,
the plaster biaxial specimen, is shown in Figure 29.

i'P
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i•Biaxi, lo M1d ir g SysteCm

The syste-r used to supply hydraulic pressurtr to the biaxial speci-
men is shown n Figure 30. Thr !;Ipimen was loaded by the hydraulic
pressurE; .spplIed from an accunml.ettor through a valve. The pressure in
the acrumu•,Aator was built up by mca5s of an aircraft hand pump. Oil was
supplied to the system from a reservoir.

With the unload.ing valve and loading valve closed and the accumulator
valve open, the pressure in the accumulator was pumped to a predetermined
value and the arcumulator vaive cloqed. The specimen could be loaded at
any rate then by opening the ioading valve a predetermined amount. The
pressure in the specimen was relieved by opening the unloading and loading
valves.

I In order to measure the pressure in the specimen at fracture, strain

gages were mounted on the Bourdon tubes of the 0- to 300-psi pressure
gage. These strain gages were calibrated with a dead-weight tester.

All the biaxial specimens tet•ted under pressure during this period
were loaded with this apparatti. Designs were completed during this
period to replace the hand ,rump withi a motor-driven pump to maintain a

Scondtant accumulator pressure.

f
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APPENDIX I

PrlZ1PARATION OF DAT.A

'~ Size-Effect Compression Data on Plaster

IA specific procedure was usesA irn the calculation of the various data
f rom. the 5ize-effect compression tests. In the case of the small, No. I-rsize corfpressior, specimen,, all --train data were calculated taking into
consideration the effect of the transverse sensitivity of the strain gages.
For those No. 1-size spcmn hthad only one longitudinal and one

Tpcmn5ta
Atransverse strain gage; the longitudinal strain, (,waS calculated from

the cquation(16):

[(a I0  'aj ( 20)

where1-a-K

Vo= conistant 0. 285,
K = constant depending on the type of gage 0. 01 (for A-7 gages.),

I a = value of indicator strain on the longitudinal. gage (in. per in.)
=a valuz of indicator strain cn the transverse gage (in. per in..

The transverse strain tZ, on this specimen was calculated from:

IZ~ 2 KZ' a2K 'a I

It is important to point out that the use of Equations (20) and (11) demands
* careful. consideration of the sign of each term involved, particuxlarly the

sign oi the indicator strains. In compression, ea is negative and ar
is positive. In tension, tal is positive and f., is negative.

The nominal compression stress, a. was calculated from:

u (psi) ,(22)
Ao
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where: a:

P = axial compressive load, Ib,

Ao = original cross-sectional area, sq in.

The "true" longitudinal strain, •, bared on the concept of "true stress
"and true strain", was calcu.latcd, where necezsary, as: J [

= In (1 + 1) (23)

The transverse "true" reduction of area, q', was calculated as:

q, a 2 In (1 + 'f2) (24) 1
For values of- less than 0. 001 in. per in., 31 and el. are equivalent for L
all practical purposes. Similarly, for valucsof l less than 0. 00 in. per

in., q' is equivalent to 2 (2. In most instances, in the calculation of data,

the difference between the "true" strain and the "ordinary" stiain was too

insignificant to warrant calculation of "true" strains.!t "
In the calculation of Poisson' s ratio, a plot of nominal stress, a

versus "true" longitudinal strain, fl, was constructed and the slope, E"1-

of this curve was determined. A plot of a versus "true" reduction of area,
was constructed also and the slope, Eq, of this curve was determined.

Then Poisson' s ratio, i, was calculated from the equation:

I El
S q • (25)

The validity of Equation (25) is immediately apparent for strains less than
0.001 in. per in., since F

E1
and

- -= .

Then: .

- (26)

2 G I'i
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I For values of strain gre'.ter than 0. 001 in per in., Eyquation (25) is still

-~ ~ valid in that:

z 2 S l n( + 1

I IWhere:
2 3 4

2 Z 2+In (1 + 'Z) = T2 - + 3 + ...
2 3 4

+n (1 ) I 1 _ - + 1 1 + . .2 3 4

then:

2 3 4C, 2 + 2+
' 2 3 4 2

Z 3 4

i.

where, for values of (I and e2 as high as 0. 1 in. per in., it is within

* fexperimental accuracy to drop all terms of higher order,

The "true" stress, Y', was calculated as:

.r AT (psi) (27)

Swhere: A "true" area (1 + Ao(sq in. ).

For those No. 1-size compression specimens which had three longi-

T tudinal gages, the longitudinal strains, '1' (3 and (42 were calculated

from the equations:

I -

I '1, t ai 1 (28)

1 K
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-ivo 'a 28a)

where v' was the value of poirsi-on' s ratio determnined from the No. i-size.

cornpressioz specimen of the saine batch.

The average longitudinal sitrain, (c, w,,'s determined and used to

calculate, where desired, the average longillidinal true strain, 8c from

the equation;

8 c =l(1t%)(29)

ec ( 0.001.) (29a)

Stress-strain curvess wtre drawn for these~ specimens with three

gages by plotting stress, (1, vern1us average longitudinal strain, C.

The modulus of elasticity, E, wan determined then as the slope of the

* stress-strain curve. Compression strength., were calculated, where pos-

sible, from Equation (27) above.

* In the case of the larger, No. 5-size compression specimens, the

data were calculated using essentially the same procedure and formulas

as were used for calculating datia for the N,,. 1-size specimen. The value

of the constant, K, in Equationa- (/0), (21), (18), (28a), and (28b), howe~ver,
had a value of +0. 035 (for A-5 gages).

eahAs threv! longitudiniol gagen arid a transverse gage were mounted on

eahof the No-. 5 specimiens, it witi possible to obtain both Foisson' s ratio

and Young' s modulus fromn each li.e.it-isce, tile value of tused in

Equations (28a) and (Z8b) was5 th#%I value determined from the same spedi-
mne n.

P Size-Effect Tcnsiion Data on Plaster

The testing procedure for conducting tentsio.a tests on the smallest,
* . the No. I-size,. alternate tension sipecimen wan essentially similar to

that for compression testing. '11lir data obtained from tile tension test of

'o. 1-size specimens of Hydrontui~e weire calculated in a somewhat dif-

*fc±rent mranne~r from. that used its ifhe calculation of data from the size-effect

compression specimens. The sitroi'ns observed! were so s-xnall, even at

fracture (about 550 rnicroincheh prr in.), that the magnitude of the
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correction introduced by using strain relations similar to Equation (26)
i,-s within experimental error. in view of this fact, the indicator strains
recorded during, the test were used directly as f;iial data. Also, stresses
.;;ere calculated on the basis of the oripina, cros5-sectional area. Young' s
mnoodulus was deiermined from a plot if this stress versus average indicator
strain.

In the :alculation of Pois.lson' s ratio, a plot of nominal stress, a,
versus the average indicated longitudinai strain, •al, was constructed andt
the slope, F., of this curve was dctermined. A plot of . versus the aver-
age observed transverse strain, 'a2' was constructed also and the slope,
O, of this curve wa m'easured, then Poisson' s ratio, v) was calculated

f rom the equation:

(30)E

A value of .was calculated for each elastic determination and the average
value reported.

The data obtained from the large, No. 4-size alternate tension
sjecirnen were calculated in the same manner as the data for the N,. 1-
"size tension specimen.

Size-Effect Bend Data on Plaster

The strain data obtained from the No. 1-size bend specimens were
,.stlc .. ated without consideration of the effect of transverse sensitivity.
A. i 1e tension tests, the strains observed were too striall to warrant

correction. In addition, since it was impractical to measure transverse
qtIr*ains or. the No. 1-bend specimen due to its smai1 size, no corrections
could be. made. In these tests, Young' s modulus, E, was determined for
each surface, tension and compression of the bend specimen. Here, F
was calculated as the slope of the. plot of the nominal bena stress ab
versus the indicated longitudinal strain. The nominal bend stress, aby t
was calculated from the expression:,

- 3Pc '-- - , ( 3 1 )
ab =bd2

where c, by and d are defined in Figure 7, and where P was the total axial

a load.

The strain data from the No. 5-size bend specimens also were calcu-
lated without consideration of the effect of transverse sensitivity. Young' s
modulus was determined for the No. 5 specimen in exactly the same manner

as for the No. 1-size specimen. Poisson' s ratio was calculated for the
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No. 5 bend specimen in the same manner as for the large tension specimen;

that is, using Equation (30). A value of Poisson' s ratio w3s obtained for

each surface, teension and compression. 'he nominal bend stress, ab,.

was used iti these calculations.

Size-Effect Torsion Data on Plaster

-Tc strain data taken from those tests on tue No. 5 torsion Fpecimen

for the purpose of determining the strain rate were not corrected for trans-

verse sensitivity. The modulus of rigidity, G, obtained from the tests on

the No. 5 torsion specimen was determined as the slope of the curve of

shear stress versus shear strain; that is, the slope of the plot of the shear

stress, aT (Equation 1), versus the shear strain, yxy. The shear strain

was calculated by means of the relation:

Otdt
0t2L (32) i

where:

id = diameter of specimen, inches,
SL = distance between mirrors, inches,

Ot = angle of relative twist between mirrors, radians.

In the tests on the No. 5 torsion specimen, a value of L = 5 inches was used.

The value of G reported for each specimen was the average of the slopes

of at least three such plots.

Size-Effect Compression Data on Porcelain

The elastic dat,- determined from the size-effect compression speci-

mens of porcelain were calculated in precisely the same manner as the

data from the compression specimens of plaster.

Combined-Stress Data on Plaster

The method of calculating the data from the tests on th• biaxial-

stress specifi.en of plaster is described in detail in the body of this report.

It lhould be j;oitnted oui again, however, that Equations (2C) and (21) were

used to correct all observed strains for transverse sensitivity. I i

i

------------------------------------.. .
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Strain-Rate Data on Plaster

ST'hie method of calculating the strain data and fracture data from the

strain-rate tests conducted on size-effect specimens of plaster is describedf in detail in the body of this report.
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APPENDIX II

STATIS'I'ICAL TREATMENT OF DA

The data obtained from the tests conducted during thir. period were
organized and treated in a specific mattner. In thc treatment of all these
data, it was necessary to assumie that the data from any. one observation
or test were subject to statistical trtetment. Hence, the most probable
value of a measured quantity was assumed to be the arithrnctic nean, X.,
of the N measurements, XI, X2, X 3 , Xn ... XN, or the quantity:

X I + XI + X 3  + Xn + XN XnU
Xm = N N (33)

After the deviations from the mean, " Xn X11 - XMr, were obtained, the
epproximate values of the standard deviation, a, of a single observation
and the probable error, P,, of the m(:an were determined.

In the treatment of standard-deviation data under Weibull' s theory,
*Equation (34) was found to be appiopriate as a definition, of the standard

deviation:

a2  -(X Xm)z•-- ""a2 (34)
N - I (4

All standard deviations appearing in this report were calculated according
to Equation (34).

In this report, all probable errors have beeti computed on the basis •of the principle that 9 out of every 10 observations should fall within the

limits Xm - Po and Xm + PO; that is, on the basis of a probability of 0.90.
Then, according to this concept, the probable error, P., of the mean of
a series of observations a ay be defined as:

T~

Po P~a P (35)

where a is the standard deviation as defined by Equation (34), and ji is a
"constant depending on N. For values of N greater than" 25, 13 is approxi-

mately equal to
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1 1.645.(1 -. 645"(approximately) (36)

rvn- 3

Values of (3 for N less than 25 appear in Table II, Supplement A, of the

"ASTM Manual on Presentation of Data". (41)
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APPENDIX 11'

W.EIBULL' S STATIS IICA1, THEORY OF STRENGTH

Weibul.' s theory is founded on the fact that no material exhibits a

unique fracture strength. If 100 seemingly identical specimens were bro-

ken in identically the same way) it is quite possible that no two would
fracture at the same l'oad. Instead, they might break -ver a wide range of
loads; however, the g,:eater portion most probably would fracture withina
narrow range of loads. Intuition would lead us to believe that the strength

of a material might lend itself to statistical treatment. This is precisely
-what Weibull has done.

Suppose we take a chain link and pull it until it breaks. We know
already that, if we bre-ak, six more links from the same chain, they will not

all break at the same load, but we can predict that a certain proportion of
the next six will havy broken by the time we reach a certain load, P. In
other words, we can predict a definite 50-50 or 40-60 chance that the .will

be broken at the load, P.

Instead of breaking one link at a time, suppose we fasten two links
together and break the combination. Now.there is a greater chance that
the combination will be broken at the load, P. If we had a chain, or a
thousand such links, each with a 50-50 chance of being broker, at the load
P, at least one of these links is almost certain to have broken by the time

we reach P. Thus, the longer we make the chain, the greater is the chance
that it Will be broken when we reach the load, P.

4 Now let us imagine a tension specimen to be made up of a multitude
* of fibers, each acting like a chain. We 'can see that, when a uniform load

is applied to the specimen, each cf these fibers will have a certain proba-
S.bility of breaking, depending on how long it is. _( each fiber has a 50-50

chance of breaking by the time we reach P, and there are 100 fibers, then
there is a greater than 50-50 probability that one of these fibers will be
broken when we reach the load P. We can see now that the larger a speci-
men is, the greater is the chance that it will break aZ a certain load. We
can say now that the rrobability that a specimen will break at a load is a

function of its volume.

Suppose that we take two identical links and pull one with a force P
and the other with a force 2P. if either were to break, it is obvious that

A the probability is much greater that the latter will be the one. This same
argument would apply to two chains. Now we see that the probability or
the odds that a specimen of fibers will break depends on how heavily each
fiber is loaded.

4
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We know that, if there is a 40-60 chanice that a fiber will be broken

by the time the load P is reached, Lhere is iAlso a 60-40 chance or 0. 66
probabilit thttefbrwl o ra ndcr'a load P. But what is the

actual probability that a certain 'fiber will withstand the load 2, and haw

is this probability related, to, the size of Lhe fiber? The answer to these

questions is the crux of WeibullP s theory. Weibull has assumed that the

probability of a fiber' s withstandincg a load is related to the volurtie of the

fiber by a certain function, which he calls the material function. (This is

equival~nt to the assump'tion of a distri-bution function.) He as~sumed further,

q uite logically, that the probability of fracture is related to the load on the

fiber. The success of this theory depe.-ds on how well the assumed mna-

teriai fanction fits the actual m-aterial.

if, for cxample,. we consider the experimental strt~ngths obtained

f rom a series of specimens, we will. find that there is a definite relation-

ship between the probability that a specimen will. fracture and th~c stress to

which it is subjected. Thi s relationship is often called the distribution

function of the strength. The No. 1 cension specimen, the No. 4 tension.

specimen, the No~. 5 bend specimen, and the No. 1 bend spe-cim-en ei-ch has

a unique distribution fur 'ion. In other words, the d~istribution function is

dependent upon the size and design of the specimen. A typical distribution

clurve of strength is shown in Figure 31..

1.0[

.. 0.75-

0~ 0.50-
4-

0.25-
0

er'~rmean s3trength

0 .0

'4 Fracture Strength, a'

FIGURE 31.TYPICAL DISTRIBUTION CURVE OF~ STRENGTH
A-4581
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These concepts can be used to show that the mean strength of a set

of specimens (,,Mir Figure 31) is eqvivalent to the first moment of the

distribution about a = d.

"Using this concept of probability, Weibull has defined the fracture

strength of a brittle material as:

(" - (37)

0

"where a denotes the stress state in a body and S is the probability of

fracture's having occurred when the stress state, a, is reached.

S"As we ha-%e, pointed out above, a spe,.it-teti rray be considered to be "
made up of many fibers. Each of these fibers can be considered to have

its own probability of withstanding a load, but the probability for the entire

specimen will be the result of considering the individual probabilities of

".all the fibers. For example, if we bend a specimen, one-half of the fibers

in the gage section will be in teosi~on, and the remaining fibers will be in

compression. Weibull has assumed that fibers i'n compression have a zero

probability of fracture (that. they wil! not break under compression). As

"a result, these compression fibers do not contribute to the probability for

the entire specimen. Ther.efore, an entire half of the 3pecimen is neglected

in Weibull"s consideration of the probability of a speciaieri' b withstanding

a bending load. The important point here is that, in considering the proba-

bility of a specimen's withstanoing a load, every fiber must be considered.

Using this concept., Equation (37) defining the fracture strength of a
body can be rewritten in the form:

e-B dou (38)

where B is defined as the "risk" of fracture of the entire body, and B is a

Ssfunction of the probability of fracture of the entire body, and hence, at the

same time, a function of the probability of fracture t at every point in the

body. The risk of fracture, B, is a logarithmic function of the probability

of fracture, S, of the body; t hat is,

B =-log (l- S) (39)

f
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Weibull proposes that the risk of fracture, B, is related to the volume of
a body, V, and the stress state, a, by the relation:

B n(o) dV (40)

V

The function n(o) is the material function. He also assumes that the
material function may take the form

n( ) K a (41)

where K is a constant and m is a constant designated as the material
constant.

The risk of fractiure, B, of the entire body, in turn, may be defined
in terms of B', the ri-sk of fracture at a particular point in the body; that
is,

B= B'dV . (42)

"In principle, B' represents the total risk of fracture' s occurring at a point
in a body subjected to stre'ds. Since a probability of fracture exists for
every plane through a point on which the normal stress is tensile, the total
probability of fracture, B', at a point must ccnsider the probability associ-
ated with every plane on which the normal stress is tensile. Then B' can
be shown to be of the form

"B jij I cos d d (43)

where 0 and 0 are defined in Figure 2 of WADC Technical Report No. 52-67.
SThen Equations (43), (42) and (38) can be used to determine the

fracture strength of a body under any state of stress.

'A I!F

- 1i.

--------j-- - -.



111-5 WADC TR 53-50

The Effectti of Size and Stress State on Strength

I it can be seen from the above &dcussion that the strength of a body

in the concept of Weibull; s theory is the composite result of the stress
state at every point in a body, as well as of the gross size of the body.

When th? concepts outlined above are combined with this definition
of strength, Equation (38), the following fracture strengths are obtained
for the following simple :tress states:

rTension (For any cross sect:on):

ad IM (44)

[KV1 m

where:

ad = fracture strength in ter!.ion,

K = a constant,
V = volume of the gage section,
Sm = a Constant depending on the material,

00

A , In = j Zmdz, a constant depending on the value of m.

0

ý ,.Bending (RectanguIar cross section):

ab = (45)

i ~2m2]

where ab fracture strength in pure bending.

A 7
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Torsion (Circular cross section):

T = :CFB dr , (46)

J
o

where:

aT = fracture strength in torsion,
r =maximum shear stress in the g:-ge section,

p
r "

B = 2rL rpB'dp

L = length of the gage section, F
r = radius of the gage section,

B'= 2klr M cos 2 'n + lbdQ' sinmZ-d',

0 01

p = radius to the point where B' is evaluated,

and where:

kI = a constant. .

It can be seen from Equations (44), (45), and (46) that the strengths
of tension, bending, and torsion specimens are functions of the volume of
the specimen. In theory, every point in a body at which there is a proba-

bility of fracture, regardless of how small, should be considered as

contributing to the fracture characteristics of the entire body. This means
that the volume associated with all of these points should be used. In this
study, however, only the points in the gage section have been considered
and, hence, the volume used in these expressions for strengths has been
the volume of the gage section. This simplification seemed justified in

the light of the relatively, small probability of fracture' s occurring at points
outside the gage section. This simplification was substantiated by the size-
effect tests on Hydrostone in tension, bending, and torsion, in which the

great majority of the specimeins fractured in the gage section.
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seen now, if we apply Eq-ation (44) to two similar tension

rfl5CreDI sizes but Of tile same material, that the volume, V,

is. t 1e on) ýc... that changes.' J,,t uS compare, for exarnplet, the No. 1-

an-d thtt-,Tc_ 4-size alternate tennion specimens. From Equation (44),

the ratio of the lracture stretigth', of the two specimens becomes:

Mt

d4 F(dl47)

where;

gal I= strength of No. •l-size tension specimen,

ad4 = strength of Nlo. 4-size tension specimcn,

Vdl = volume of No. 1-size tension specimen,
VA14 = voaz.rne of No. 4-size tet'sion specimen.

If we co-npare the No. 1- and the No. 5-size alternate oend speci-

mens, the ratio of the fracture strengths from Equation (45) becomes:

1

m
ObVhS (48)

ab 5 L

where:

= strev.th of No. 1-size bo)d speciml!n•

ab5 = str.enh of No. 5-size h,,nd .pecimen,

Vbl = v ' alne of No. 1-size bend specimen,
Vb 5 = vJo'XZae of No. 5-size bend specimen.

Although, is -not immediately obvious from Equation (46), the same

forn of equation z== be derived for the No. 1- and the No. 5-size torsion

specimens; that is:

a T5 , ,1 49
a T TI =t ar~eni- .of No. 1l-size tor sion specimen,

T5 = strength of No. 5-.size torsion specimen,

VTI volumre of No. 1-size tornion specimen,

VT5 vo-1,ziie ; No. 5-uize torsion specimen.
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"Fhc values of the material cot1•tP nt m, in Table I of this report
were obtained from EIquations (47), (48), and (49).

Flit. bend da,.a reported in rah!(- 4 of WADC Technical Report
No. 52-67 also were analyzed to deterr,•ine the material constant, m,
foi- Hydro.-toNe pi~aster. An average v.Aue of m = 12 wa s decerr mined from

these, data. This determination was accomplisihed by use of the curves in
Figure 32, where each point represents the mean of a series of tests.
Equation (48) of this report was used in these determinations.

The valoes of m determined from size-effect data and reported in
Table 12 indicate that. for Hydrostone plaster, m has a value of the order
of 12 to 14. When a value of m 12 is used, it can be shown that, for

Hydrostone, the ratio of the strength of a tension specimen to that of a
torsion specimen becomes:

S-- : ](50)
-7 0o V d

- Similarly, the rati.. of the strength of a bend specimen to the strength of
a torsion specimen becomes.

2. 6 T*. Ok[2.6VTU (51)

Also, the ratio of the strength of a bend specimen to that of a tension
specimen of Hydrostone becomes:

d b(52

Equations (50) and (51) were used in calculating the predicted
strengths reported in Table 16 of this report.

Effects of Stress State and Size on the Standard

"Deviation of the 3trength

It has been. pointed out that the rnean strength, -rn, of a set of speci-
"mens has been defined by Weibull ao, equivalent to the first moment of the
distribution about a - 0. In general, the nth moment, tin', of the distribu-
tion is defined by the integral

7-1 7-.----'*-. - ý:-----7
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n

a dn ,s(53)

0

and, hence, the first moment, jsi , becomes

-• • IL1 ={adS =m.

0

Similarly, the nth moment, p1n, of the distribution about the mean a
is defined by the integral

/AJ= -a '%S (54)
o

0

From this definition, it can be shown that the square of the standard

deviation, a, is equivalent to the second morner1 of the di.stribution about
the mean, am; that is:

aJ(a-am) dS (55)

0

where a is the strength .of a particular specimen of the series (which may
,Y !"vary from one to irfinity), S is the probability of fracture corresponding to

"and amis the uldimate strength of the series as defined by Equation (37).
Weibull points out that

a2 = 12 dS 2nirr ddS + {arnd3 J d S -(56)

0 0 0 0

and that

". d s o (57)

0
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Hence, the square of the standard deviation can be defined a-s

2 a" - 2d (58)

wlh e re

B= jn(a) dV ( (40)

V
If we let n((,) = kom, f•.r a tension specimen with an ultimate strength, ad,

h

fnG1 V J'kam(bL) dX = Vkm M; (59)

V -h

then

a2 = J v m - (60).o

! t V 2

, i if we let

Z (Vk)n(Dz) (61)

then

a 2z -Z (62)

[VkJ m  o

Then the standard deviation, ad, in tension can be determined from

Sad am/2 - 2)
S[ Vk I /M
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Substitut ing from Equation (44)

"2 Im/2 I____
ad- ( ,"k] (64)

ad [In/M (~

[Vk] Vk]

S"•-ad k 2T {I,-./? IM) (65)

Then for the No. I- and the No. 4-size tension speci.mens with volumes,

Vdl and Vd4,

adl = Vd4 I/m

(66)
ad4 VdI 6).

thtFor the case of a specimen loaded in pure bending, it can be shown
that

Vkorm-

0 bB (67)
, B = ~~Zm + 2 0}[

and,. hence, that the standard deviation, ab, of the mean bend strength,
a bi is

JVka,~ (e~b

ab = e d(Z) . . (68)

o |

Letting

2/rn

Z = 2 m + 02, (69),

4 I

iI
....-2.. M + --2,----.
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and substituting from Equation (45),

I ab = (7[0rm!) - ,n(70)

r Then for the No. 1- and the No. 5-size bend specimens witi voilumes,

Vbl and Vb5,

ab! Vb5 11/r
T abS J(71): ab5 b

In addition, it can be shown that, for n(a) -kom. and for m 'x 12 (for

H1ydrostone plaster), for a torsion specimrn,

0. l12k Vr 12 (72)

14

*. I . Then the standard deviation, a,£, of the strength, Q, nf nS et of tors2,,"

; specimens becomes:

F O0. 112 r:l vrl2
2= e 14 d(r 2) , (73). ""aT T e

iI"

. where k= 2i Then it can be shown that, for m = 12p

2 1

aT [0. 100 Vk1/ 6 
-

0 T (74)

It can also be shawn that, for Hydrostone plaster (m = 12),

112. (75)
S10 /12

(0. v00V -j
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jHence,alec .s

a J o16 112) (76)
[0.100 VI'] [

Then for the No. 1- and the No. 5-size toraion specimens with volumesI

VTI and VT5I

aT5 VT 1 J(77

From Equations (65), (70), and (74), it c an be shown that, for

Hydrostone plaster[

-- V T (78)
ad b__

itz

i adaT 10['ad]

rb [2. 6 VT30)

aT ~Vbj'

Equations (78). And (79). were used to calculate the theoretical stand-

ard deviations appearing in Table 17. It should be noted that Equations

(78), (79.), and (80) and Equations (50), (51), and (52) lead to the following:

ab 0  (81)

and a

aT OT82

ad a I
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Effect c4 Biaxial Stresses on Strengzth

It was pointed out that the fracture strengt~h of a body is a function

of the'- stress state at every point in that body. it :a~ liSo pointed out
that the fracture sLrength of a body can be defined in terms of BI , the
risiý. of fracture at each point in the body, and tohat B' can be of the form.

B' nfl( cos(ýd4dA, (43)

where a denotes the stress sitate at the point at which B' is to be evaluated.

If eac-h point in a body is subjected to a system of biaxial stres:ses, the
*normal1 stress, C', in a particular direction may be defined in tern-s of the
principal stresses, a, and a?, by the relation

CO? Mo2 ."al coszt', + a2 sir 2z) (83)

Furthermore, if n1 (a) is assumed to be of the form

1la l (84)

-then the risk of fracture, BI, becomes

B Zkij Cos m + '(al cosZV1 + o? sin 'O~mdOb. (85)

If the ratio of the principal stress.i.s is defined as

"02
:: ( 86)

I 17
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then Equation (85) becomes

B'ZklCsm o dm (COS + c sin' d d- (87)

If a and are. both tensile stresses,

m m + 1 2 .2 2 T
B' = 4ki 1  Jcos l'dO (cos c sin V5)mdV. (88)

0 0

If one of the principal stresses is negative or compressive,

tan%= ~(89)tan ý50 =19

It can be seen that B' cannot be evaluated from (72) or (73) for a

state of biaxia. stress until the value of the material constant, m, is
k'nown for the material. Once B' has been determined, then the fracture

strength of a body can be determined from Equation5 (22) and (26).

It is important to note here that B' is a furnrtion of a, and 2 and, as
.sisch, may vary from point to point in a body as the principal stresses
vary. For this reason, the functional relation between B' and the principal

stresses must be considered in the evaluation of the risk of rupture, B,

of the entire body and, hence, in the evaluat•on of the fracture strength.

If we consider the case of a body of a volume, V, which is subjected
to a uniform biaxial stress such that the principal stresses are constant

throughout the body, then the total risk uf r.&leture, B, becomes

B= B'dV BV ,(90)

V

t

$
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and the fracture strength becones

F-B' V
"m e e da (91)

0

"Table 27 contains values for Hydrostone plaster of B and am deter-
mined for various pri.Acipal stress ratios where the volume, V, of the
material is assumed to be uniiormly stressed.

.Effect of Ece tricity on Tension Strength

According to the concept of Weibuii' s the..ry, the tension strength,
ad, of a body may be defined as:

ad -Bd do A (92)
0

where:

Bd = n(,)dV (93)

and where n(a) may be of the form:

n(c) km .(41)

Now let us consider a body of rectangular cross section, loaded
eccentrically in tension as shown in Figure 33. Here, the eccentricity, e,

of the load causes the nonuniforrity of tensile stress on the gage section

shown in Figure 33(c). It can be sneuo en from Figure 33(c), that the resulting
stress in the gage section (of length, L) is the sum of a uniform tension

btregs, s d' and a ben.diing stress. Then, for this state of stress, it can

be shown that the .stress, U at any distance, x. from the neutral axis can
be expressed as:

h

h2 I

.1
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TABLE 27. RISKS OF FRACTURE AND. FRACTURE:1 STRENGTHS FOR HYDROSTONit PLASTER
SUIBJECTED TO BIAXIAL STRESSES

Principal Stress Ratio, Risk of Rupture, Fracture Strength,

10. 496lrkIVa±1 .4 6,l V 1/ 1

0.8 0. 1875rik 1Va1
1  [0 l7k 1 V]

12 112 ___

2/3 0. 147ykIVc I
[0. 14 u 1V/1

I/A 0.118'rkjVa1
12

[0. 1l8nklV~l/

1/3 0.0972rikiVul1  1
[0. 097ZnklVI j

0 0.0800nrkjVol 1 2  1

-1/3 0.0688rk1 Va1
1 2Il2
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L
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FIGURE 33. RECTANGULAR SPECIMEN LOADED ECCENTRICALLY IN TENSION

It. A-3t550

iIf.
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Then,. the risk of fracture, Bbd, in bencing plus tension becomes:

Bbd f n(,;)dv, (05)

where

n(o-) k,, .({41 )

The n

n(a) k a~d in(I1+2S )(96)

and

dV=bLdx

Then

B b!o . + de Cx .(97) i
=h \ hZ

Then (97) can be written:

.l 1 + 3 _ .e
SbhZkadn h

,bd 3- e J / zmdz (98) i
_3e

For V , ZbhL•, I I

V:mkrC 3e\m+1f3 \m+ (99)
Bbd i- + h (99

Equation (99) can be rewritten as:

-rnBbd Vkad Sm (100)

S!11

v=
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where

m ,i r
r -T -!

(101)m 0 (mn - Zr)'(Zr + Q)rf z
For pure tension, the risk of fracture, Bd, similarly can be shown to be:

j n Bd =kVrdl* (102)

Then the ratio of the risks of fracture, Bbd and Bd, becomes:

Bd Od(103)

* It can be seen from Equation (103) that the v'-lue of Bbd/Bd will de-

pend on the magnitude of ad and ad' It is very impor.tant to note at this

Spoint that, if we are to calculate the fracture, strengths in bendirg plus

tension and in tension, we must set up the risks of fracture in terms of the

desired stresses3, Bbd is desired in terms of the maximum stress, a bd'

in the cross section; then:

O bd

!d (104)

I Then
B Vd S ( b (105

0 bd mI'Bbd =Vkom (105)

i The ultimate strength, abd' in bending plus tensi.on then becomes:

-Bbd

"bd e dobd dabd , (106)

0 0

and for

mm. t" Im = Jdz *

0,A. ~e

b (1= (107)

.4 m] '/m :• i [rk]
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Similarly, the strength in tension is:

Od,= e d- =0 P Vkd dod,
j..

IM
d' (108)

17.1

Then the ratio of the strenzgth of a specimen loaded eccentrically in tension,

ob'to the strength of a similar specimren loaded uniformly in tension,
cat , accordinig to Weibull's theory, becomes:

G'- + 3.) r v • (109)

w here

The bd f racture strength cof a rectangular specimen sldbjected to
combined bending and tension, psi,

ad' t fracture strength of a specimen subjacted co pure tension,
psi,

e =eccentricity of lo ad, inche.4,

h = half the width u f the specimen, inches,

1

Vbd = volume of the gage-section of the specimen loaded in corn-
bined bending and tension, cubic inches,

Vd' -,voume of the gare section of the speciien loaded in purte
tension,

rn= material constant from Weibull' s theory,

d 3t e g Zr

Sm '( (101)
- ), (Zr + 1)

r 0

For Hydrostone plaster (m = 12) and for Vbd '-Vd,,

4 h
Obd.(.-.h(110)

"0d' S 1 2 I • '
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where

r6

W-(41

12E
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4# APPENDIX IV1'!
BASIC TEST DATA FROM CO.MBrNZD-STRESS TESTS

This appendix has been attached in order to present all the raw data
taken in the combined--stress tests on plaster, the results of which are
discussed in this report.

a, j

. , I
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N TABLE 29. 1ASIC ELASTIC AND FRACTURE
HYDOSTONE PLASTER SUBJECTED

* "I Aat 0 , *___ _ - r. •crure P~aeiureSlese

S )I' o ptl P.on's of Elw.'licly. A -jo t 10 Io " 2 0  24) Presture. 02 o0 O il
tl, tl1i)i 106 pit 106 p3i 106 psi 10 po i psi (ps2i)

flOP-4 2.48 2.73 9.42 9.23 175 525 I'50 1225

ilt|,- ),243 -2,40 2.57 2.82 9.34 0.65 117 370(I) 740 860

!" P o , 2.40 2.57 2. 76 9.68 V. 92 177 540 1080 1255

l )j " 0, 266 2.37 2.53 2. 73 8. 73 10.13 137 4 2 A(B) 840 980

ill-)i 0,206 2.40 2.48 2.76 S. 50 '.44 163. 495 990 1155

ll0l'' .(4410,245 1. t19 1.73 2. 74(2) 6.29 9.41 118 380(0) 760 875

0 l .'234 2.49 2.48 2.81 9.09 9.32 144. 445 890 )035

IIO1 32 0,238 2 49 2.29 2.54 8.9s 9.50 133 420 840 970

I'" s -" 175 550 1100 1270

M1,1' 34 0, 240 2, 32 2.97 2.64 8.43 9. 67 126 396(8) 790 915

Io(.)1 15 0.227 2.42 2.57 2.73 8.02 9.20 120 395 790 ?15

i 1 l,", (),2•63 2.40 2.79 2.76 9.38 10.13 139 450 900 1040 .

I f ( ' '1 7 0 . ,1: ,8 2 , 4 1 -.- - -. .. ... .

) ½gdi'Ollitis'n of synibols. te ti xt, 'X:ohnlAtid -Stress Tests on Plaster". .
(2) All s1-,w1irln we re Io)Add (I0 give • major principal strain rate (jli) of 0. 007? 1p. /n. /imnute.(:1). Rtllo Was ,1-Alcolated til1iq ,x wrine~menl stuains.

(4) All Iwor.it'Al Ca4ic4ul4iAomI f•or Specimen 9 were made utling.E 2.40. . I
(1) •ilt Jjeni fe pewnt in fr•artwio *•tfa¢ce of 6pecilnen.

(11) pill,,fiw, pr,'sesen Ihi fracture toface of specimen. iii
, 5.I'

iJ ,
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DATA FROM, PTAXIAL SPECIMENS OF

TO PRESSURE LOADING( 1 )

a *2o(3) "Tirar~crsc i el.dl D mlnsioIIs, in. Ttnpc raturc, F Humidity,

f ' b fd A f ve Do Oi. DIrV Buklb Wit Bulb o*o

0.496 -- 399M - . .. . 116 .. .. 3.507 3.037 77.9 67.0 56

0.495 . . 307 .. .. .. . - 3.502 3.054 .. 1

0.475 . . 443 .. .. . O110 - 3.503 3.037 78.0 70.0 67

0.487 "" -- 351 1.. .. . 89 -- 3.50ý 3.043 77.8 67.0 .57

0.444 380 421 414 405 104 Ill 1 03 TC 3.503 3.037 72.0 65.0 68

0.476 455 372 -- 414 123 94 -- 1'-? 3.502 3.054 78.8 67.1 53

0.470 376 344 341 354 98 91 93 5-4 3. .0,2) 3.044 80.2 71., 65

0.467 373 390 328 364 96 99 87 '4 3.502 3.050 78.0 6U.4 54

-.-. 3.502 3.048 69.3 59.7 57

0.564 221 23.i 291 259 102 84 101 36 3.502 3.048 75.0 64.0 53

0.477 333 327 281 314 85 91 87 2? 3.503 3.069 75.0 64.3 55

0.521 366 282 325 324 91 104 92 ?' 3.503 3.059 76.0 66.0 5p

-- .. . . . . . . 3.503 3.047 77.0 67.0 58

?f
I

-- i


